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Foreword 


The National Policy on Education (NPE) 1986 has emphasised the need for qualitative 
improvement of school education, particiilarlv in the area of science and mathematics 
education, The Govcinment of India ha,s already initiated a number of steps m this 
direction The National Council of Educational Research and Training (NCERT) has 
been assigned the responsibility of developing a new curriculum and related curricular 
materials in line with the new education policy to serve as models for the States and 
the Union Territories to adopt/rdapt, 

The NCERT has been wnikmj; m ihe aiui ol Luiiicuhim dcvelopmeni/icncwal lor 
many >cars Yet developing a einnculiim in tune with the intentions and aspirations 
o( NPE po.ses a real challenge 'llic various eunieiilar issues arising out of the NPE 
were discussed m a tumibci ol .semiiiarsAvoik,shops resulting in the Council’s 
dociimeni Ndtuinal Ciirnculnm fo< FJcmciiuuy and Secondary Ediuunion--A 
h'rantcwofk (Revised version 1987) an I sevcial olher documents 

Science and malhcmaties arc the vital tueas ol seliool eurnenluni So, ilic NCERT 
ihoughi It ajipiopnaie to make the best use ol tbc available expertise in the couniry 
m science luul nraihematics etluciiiion in the pioecss ol curriculum renewal and 
prcpuriuioii ol new generation ol instructional iiuUeiials Accordingly, a General Advisory 
Board (or Scicnti' and Mathematics was constituted uiulcr the Chairmanship ol Prolcssor 
C.N.R Rao, an eminent .scientist and Chairman ol die Prune Minister’s Scicne c Advi.sory 
Council. On the advice ol ilii.s General Advisory Board, six writing teams were .set up 
lor developing new insimctional packages in science and matlicmatics in line with die 
NPE The writing team foi mathematics was constituted under the chaimianship of Prof 
U N. Singh dhc team consisLs ol dislinguishcdmadicmaiicians from vaiious universities, 
licsidcs NCERT cxpeits The writing team met .several times and after much deliberations 
evolved a new mathcmaUcs curriculum which, I am sure rcllccLs the intentions and 
asiiiraiions of the NPE In the previous year, the writing team devcloix’il the icxdiooK 
loi Class XI based on the new syllabus The present texllxiok for (’lass Xll, is m 
continualioii of die lexibook foi (’lass XI 

The aiiiliors .spaied no ell’oris to produce materials of high qualiiy bust, the tirall 
nialcnals picpared by dilfcreni authors were continuously refineil thiough miiiiial 
tlisciissioiis within the group Then the miucrials were exposed to a group ol cla.ssruom 
teachers in a review woik.shop, Tbc suggestions and comments made in the review 
workshop were incorporated by the audrors as far as possible and finally the whole 
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manuscript was edited by Prof S. Izhar Husain in coiisulUition with the other incmlxirs 
of his team 

I am indeed very thankful to Prof S Izhar Husain, Prof, M,S Rangachari, Prof, 
V. Kannan, Prof D.D Joshi, Prof. UB, Tewari, Prof. V.G, Tikekar, Prof K.V Ran 
who authored different parts of the book I am particularly grateful to Prof S, 1/har 
Husain who edited the whole manuscript. I thank Prof, U.N Singh, chaimian of the 
writing team, for his guidance in the development of this book, I express my deep 
appreciation to my colleagues in the Department of Education m Science and 
Mathematics,Prof K.V Rao,Prof SC Das, DrB, Dcokinandan, Dr Hukum Singh 
and Dr (Mrs) Miikti Acharya who took a lot of pains m shaping the manuscript in the 
presswonhy form and seeing it through the press I am very much indebted to die teachers 
who participated in the review workshop and provided valuable suggestions and 
comments for the improvement of the draft material,s I thank Prof B Ganguly, Head, 
Department of Education in Science and Mathematics, who took a lot of interest in diis 
project and greatly helped in bringing out this book. I also Wpress my thanks to Shri 
C N, Rao, Head, Publication Department, and his Pubheauon Team for making all efforts 
in bringing out this book expeditiously and in an excellent lorm. 

Curriculum development is a dynamic and continuous process. No one can claim 
to have dc'-clopcd a perfect CLirriciilum or perfect curricular materials, Though Prof. 
UN Singh and his able team of madicmatician.s did a very good job of evolving a new 
mathematics curriculum and new curricular materials in line with the NPE, there can 
alway,s be soi. e scope for further improvement So, I request all diose who will be using 
this book to oflcr their valuable suggestions for further improvement. 


P,L MALHOTRA 
Dircclor 

National Council ol Educational 
Rc'^cardi and 'I raining 



Preface 


A.S I had said in Llic Preface lo ihe icxibook for Class XI, ihc new scries of textbooks 
in matlicniaUcs being prepared by the NCERT has been wntten in tltc light of paragraphs 
8 16 and 8 17 of the National Policy on Education 1986 These paragraphs arc quoted 
m full m die Preface to tlie textbook for Class XI. The textbook for Class XII has been 
written in continuaiton ol the textbook lor Class XI, Most of the topics introduced in 
the book for Class XI have been further studied in the present textbook as a iogical 
development ol the subject matter studied in Class XI I reproduce liclow a part of my 
Prelacc to the textbook loi Class XI wuli slight modilicaiions, because the points 
cmpha.si/cd there arc equally applicable to the present textbook, 

The implementation of the NPE made it nccc.ssary to review die courses of studies 
m science and rnatliematics and to bring out new textbooks. There is another strong 
rea.son for reviewing the counsc contents in science and mathematics and for rewriting 
lexlbook.s in these disciplines Different branches of science, pure and applied, including 
mathematics arc developing with astonishing rapidity Exciting dLscovcrics ol liir-rcnehmg 
importance tuc being made in quick .succession. Deep and new idctis of a rapidly growing 
.science very often shed new [icneiraiing light even on the most elementary topics, It 
is, therefore, highly clc.sirablc that courses of studies of .school education arc reviewed 
periodically and new textbooks arc wnlicn. 

The National Council of Educational Rc.scarcti and Training initiated prompt action 
m respect of redesigning tlie curricula in science siibjccLs and mathematics relating to 
.school education, It appointed a General Advisory Board for Science and Mathematics 
under die chairmanship of Professor C.N.R. Rao, who is also the Chairman of tlie Science 
Advisory Council of the Prime Minister. On the advice of General Advisory Board, 
the NCERT constituted six wnting teams for developing inslructional packages in .science 
.subjects and mathematics from upper primary to senior .secondary level. Besidc,s' the 
cxpt']'L.s (rom the NCERT, distinguished inathcniaticians from dilferent parts of the 
touiUry arc members of [he writing team m rnatliematics. 

■Hie NCIiRT had done a gtKXl deal of preparatory work m connection with curriculum 
icnewal belorc the apiHimlnienL of dm writing team, We have been greatly bencmed 
in our work by the NCHRT’s documents • 

National Cuiriciilmii foi Elementary and Secondary Educaiion-A 

iTUlliCWOlk 

Mailicmatks oducation for the Ur,si Id years of schooling — Guidelines (or 
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developing curriculum for upper primary and high schcKil .stages. 

— Draft syllabi in mathematics for upper primary, secondary and seriiti 
secondary levels. 

The present textbook has been written on the basis of a cumculiim which emeruet 
after a thorough review of the curriculum prepared by the NCERT. A new lextbonk 
Jould be written only when it has to .say new things or give a new nie.ssage I Ixtlicve 

Mows ‘hi'i^xxik are, a.s 

1 This book has also tried to lay strong foundations for the study of mathcmatic.s 
as a discipline For this purpose some of Uic u.seful ba.sic conccpt.s of higher 
mathematics have been introduced m a simple way. ^ 

Problemsolving forrns an important part of mailiematical training This Ikk tk 

"r 

.ad. a,ai,ib,r*: ^ 

I ttm thankful to Dr P.L, Malholra Director NrTp t i • 
mvitcd us to join this national cndeavni.r fnrT 

I am grateful to P^C N ^Z [^h. T." 
planning and developing tlii.s textbook I cxnrrQ^'^ emdance wliicli helped us in 

Malddd,„,JoineD.rccL,NCER“„rM l ol" 7,1'™'"' 

m Sjl^nccand Mad,..a„.a, for ,h.,r ta, c<x,po:„„“„ L,.*d ZS;:; d"; 

« '’"■r- V Kannan, 

book The first drafts developed by (he auLfs'In ?’ "‘al^TuiLs of t|„s 

andreviscd The revised drafts were then dfscus' -d £d ^the aiiilini.s 

organised by the NCERT The maiernlc' ' Icaeheis in a workshop 

^bytheteachers.PmaS:i::;;t;:^^^^^^ 

of the group m consultation with other members i ^ ^ ^^bisairi, aiiiveiior 

IS a product of ihc combined thinking and efforts nr MlNnik 

process I ^^^Press my deep sense of gradlude to S 



who attended the workshop at NCERT. New Delhi and made valuable suggestions for 
improving the materials. If the present series of textbooks contributes to the improvement 
of the quality of mathematical education in schools, our efforts will be amply remunerated. 

Prof. K.V. Rao, Prof. S C. Das, Dr B Deokinandan, Dr Hukum Singh, Dr (Mrs) 
Mukli Acharya of NCERT had to put in hard work in organising several workshops, 
getting the manuscript in pressworthy fonn and finally seeing it through the press. I 
am indeed very thankful to them. 

In spite of the great care taken by the authors and the NCERT team, some errors 
may have escaped our notice We shall appreciate it very much if such errors arc brought 
to our notice. Suggestions for improving the quality of the book will be gratefully 
received. 


U.N. SINGH 
Chairman of the Writing Team 
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CHAPTER 1 


MATRICES AND DETERMINANTS 


In this chapter wc shall learn about matrices and determinants, These have become an 
important tool in the study of science and enginccnng. We shall confine ourselves to the study 
of basic laws of matrix algebra, elementary properties of determmanLs and application of these 
concepts in solving a system ot lincai equations. 

1 1 Matrices 

Suppose wc wish to express lliat Ram has 10 books. We may expres.s it as flO] with ilic 
uiulcrstanding that the number inside [ ] is the number of books Rani has. Next suppose we 
want to c.\press that Ram has 10 honks and 5 pencils Wc may express it as [ 10 5 ] wiih 
die understanding dial first number inside [ ] is the number ol books while die second number 
IS die niimbei ol pencils possessed by Ram. Let us now suppose diat wc have three cluldren- 
Rain, Raliim and Our Btix and Ram has 10 books and 3 pencil,s, Rahim has 3 Ixioks and 
4 peneiN and Ciui Bux has 3 books and 6 pencils. How can we express this information ? 


This nitty be done in the tabular lorm as follows. 





Books 

Pencils 


Ram 


10 

5 


Rahim 


3 

4 


Gur Bux 


5 

6 


Wo can also biielly write this as follows 

; 





10 

5 

fr- First row 



3 

4 

<- Second row 



5 

6 

fr- Third row 



t 

T 




Frrst 

Second 




Column 

Column 



Implied in the above display is die lollowing information : 

(1) The entries in the first second and third rows represent the objects (books and pencils) 
possessed by Ram, Rahim and Gur Bux rcspcciivcly. 

(ii) The cnRics in the rij:st and second column represent the number of books and the 
number of pencils respectively. 

Thus the enlry in die second row and second column represents the number of pencils possessed 
by Rahim. Similarly, each enuy in the above display can be interpreted. 

An arrangement or display of the above kind is called a matrix. Formally we have the 
following definition of a matrix . 
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MATlIKMA'nCS 


Definition 

A malxjx is a rectangular array of numbers. 

Wc denote the matrices by cpilal letters. 

Following are some examples of matrices ; 

A= [ 1 2 B= 2 + i 4 7 

-3 5. . I -3 + / 6-1 

C+ 1 + x l-x^ -6 ' 

-3 2 0 

7 + sin X 2-cos x 5 

In the above examples, the horizontal lines of numbers are called rows of the matrix and 
the vertical lines of numbers are called columns of the matrix. Thus A ha.s 2 rows and 2 column,s, 
B has 2 rows and 3 columns, while C has 3 rows and 3 columns A matrix having m rows 
and n columns is called a matrix of order m X n or simply a m x ii matrix (read a.s a m by 
n matrix). In general, a m X n matrix is written as 



Thus the i th row consists of the entries 
while the ylh column consists of me entries 

"ir "3;.. 

The numbers Ojj which appear in the matrix are called its elements or entries. The element 
a ,j appears in the i the row and the j th column of the mauix We also call it as the (i, y^lh 
element of A The notation A = [a^j] is also often used The notations A = (a,^) is also in use 
We shall follow the earlier notation, namely A = [ 0 ,^]. 

Example 11 

Let A = r 1 2 5 

3 4 6 

.9 11 13 . 

Then A is 3x3 matrix. Here, the element ‘ 6 ’ occurs in Lhe second row and third column. 
The element 9 occurs in third row and first column. Thus in the general notation we may 
wnte ^2 3 = b and ^31 = 9. 

Example 1.2 

Consider the following information regarding the number of men and women workers in three 
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factories I, II and III. 


I 

II 

III 


Men workers 
30 
25 
27 


Women workers 

5 
11 

6 


Represent the above information in the form of a 3 x2 matrr 
third row and second column represent 


What does the 


entry in the 


Solution 


The information is represented in the form of a 3x2 matrix as follows 

■ 30 5 1 

25 11 

27 6 

represents the number of women workers in 


Example 1 3 

Consider the linear equations 

2x+3y-5z=4 
x+y + 2z = 5 

Then the cocfncicnts of x. y, z m the above equations can be expressed in the form of the 
following matrix • 

■ 2 3 -5 ■ 

.1 1 2 . 

1.2. Types of Matrices 
Definition 

A 1 X rt matrix is called a row matrix or a row vector. 

For example, [1 0 5] is a row matrix of order 1x3. 

Definition 

A mxl matrix is called a column matrix or a column vector. 

The matrices 


' 2 
0 
4 

are examples of column matrices. 


1 

0 


4 

5 
0 
2 


Definition 

A matrix having the same number of rows and columns is called a square matrix. 
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MATHEMATICS 


Thus, itnxn ma(nxi4 is a square matrix if m = n In this case, we also say that A is 
of order n. 


Definition 

The zero matrix is the matrix, all Of whose elements are zeros, 


Thus, [ 0 



0 


■ 0 

0' 

f 0 0 1 


0 


0 

0 

to 0 . 

• 

0 

1 

0 

0 


Its order will be dear from the context. Zero 
Definition 

The unit matrix oj the identity matrix is the square matrix with 1 ’s on the main di'uioivil 'intl 
zeros elsewhere. For example, the matrices ' 


[ 1 ], 

1 01 


10 0] 
0 1 0 


i 0 1 . 

* 

0 0 1 

are Identity matrices of order 1.2 and 3 re,spectively The square matrix [ 


1 J 

iff 

=j 

«u = 

1 0 

if 


Dejinitinn 

.. 




for i?sj 



■ 2 

0 

0 


0 

-3 

0 

i 0 2 J) 

0 

0 

5 


are cxamplc.s of diagonal 


matrices. 

Definition 

A J..gon. .. 

TL 2 f” ‘‘J 

■ u tor I 

For example, ^ 


lik’d a xcalar nuttiLX. 


[2] ,[ 1 0 

0 1 , 

are scalar matrices of order 1 o -.mh i 

ui orocr I, 2^and 3 respecuvely. 


1 + i 0 0 

0 1+i 0 

0 0 i + i 
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1.3. Operations on Matrices 

Definition 

Two malnces A = [a,^] and B = are said to be equal if dicy are of the same order (dial 
is, have the same number of rows and the same number of columns) and each element of 
A is equal to the corresponding element of B\ that is, a,^ = for all i, j. 

Example 1.4 

[a i] = [l 2] if and only if a = 1 and h=2. 


Example 15 


a 

b 


0 

1 

c 

d 


1 

0 . 


a = 0, b=l, c=l and d = 0. 


if and only if 


Addition of Matrices 

Suppose Mahesh has two factories at places A and fl. Each factory produces clothing for boys 
and girls in three price styles, labelled 1,2 and 3 The quantities (in standard units) produced 
by each factory are given in the maU'ices shown below. 

Factory at A Factory at B 



1 

2 

3 

1 

2 

3 

Boys 

75 

70 

72 1 

25 

35 

40 ■ 

Girls 

60 

65 

40 J 

. 30 

22 

36 


Suppose we want to find the total production of clothing in each style. Then the total 
production in style 1 for boys will be (75 + 25) and for girls will be (60 + 30). Similarly, in 
style 2 for boys, we will have (70 + 35) and for girls (65 + 22), and ui style 3 for boys, we 
will have (72 + 40) and for girls (40 + 36). This can be represenicd in matrix form as 

' 75 + 25 70 + 35 72 + 40 ‘ 

. 60 + 30 65 + 22 40 + 36 . 

This new matrix is the sum of the above two matrices. We observe that the sum of two 
mauices is a matrix obtained by adding the corresponding elements of the given matrices. 
Further-more, for the sum to be defined the matrices have to be of the same order. Formally, 
wc have the following defimUon : 

Definition 


If A = [ a J and i? = [ are two matrices of the same order, their sum A + B is the matrix 
whose (i, j)lh element is a.j + b^y 

Thps, [a^j] + [b^fi = [a,j + b,j] 

Example 1.6 


1 

0 

-1 


3 

5 

-6 ' 

. 2 

3 

4 . 

and B- 

. 2 

0 

7 , 
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MATHEMATICS 


Then A+B = 


1 + 3 
2+2 


4 

4 


0 + 5 -1-6 

3+0 4+7 

5 -7i 

3 11. 


Note 

We emphasize that if A and.S dis'not of the same order, then A + B is not defined, For example, 
if 



■ 0 

1 


' 3 

4 

5 ■ 

A = 

1 

2 

and B = 

. 1 

2 

3 . 


then A + B IS not defined. 


Theorem 11 

^^atrix addition is both commutative and associative. We will prove that 
if A, B, C are three matrices of the same order, then 
(i) A+B=B + A (commutativity) 

(li) (A + B) + C = A + (B + C) (Associativity) 

Proof : Let A = B = [B,j] and C = [C^]. Then 
(i) A+B = ([a,; + fi,;) = [a„ + f,,; 


=B+A 

(it) (A+B)+c=([a,;+[b,;)+[c,; 

= Kj+b,;+[c,; 

=[K+^)+c.J] 

=K] + [i»„+c,] 

= [o,;+([b,; + [c.;) 

=A + (B + C) 

Scalar Multiplication 


(addition of numbers is commutative) 


(Why?) 

(Why?) 

(addition of numbers is associative) 


Definition 

If A= [a,j] and is a number, then fc A is the matrix whose (i, j)th clement is k 
Thus, ,t A = [t a,j] 


Example 1 7 


2 


1 

2 


-1 

4 


2 

6 
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f i i 1 

= 22 
.12 3 

^^^^Plteorem 1 2 

If A, B are two matrices of the same order and k and / are numbers, then 
{i)k{A+B) = kA + kB 
(li) (k+l) A = kA + lA 

Proof : Let A = faj and B = [fij 
Then A + 5 = [a,^ + 6,j] 

Hence, k {A+B) = [k(a^j+b^^)] 

= [k a,j + k b,^ (distributive properly) 

= k A + k B 
Also, (jfc+0 A=[(jt+/) a,; 

= [/: a,j +1 a,j] (distributive property) 

=kA + lA 

Remark 
Let A = [a,jl 

Then(-1)A = [(-1) = 

We write (-1) A as -A. 

It IS obv that A + (-A) = 0- 
Also, ’ --A. 

Thu , 0 !■: un additive identity and -A is an additive inverse of A in the set of all 
m X n matrices. 

Matrix MulUpUcadon 

Suppose Ram and Shyam are two friends. Ram wants to buy 3 pencils and .3 noIelxHiks, while 
Shyam needs 6 pencils and 5 notebooks, 'flicy go to a shop tmd arc quoted the following rates ; 

Pencil—60 paise each 
Notebook—120 paise each 

How much money docs each need to spend Clciirly, Ram need.s (3 x 60 -f 3 a 120) pai.se, 

that is, 540 paise, while Shyam needs (6 x 60 -i- 5 x 120) paise, that is, OfsO pm u-. 

In terms of matrix rcprcscnuition, we can write tlie above infoimalion ns lollnws : 

Requirements Puces (in paise) Money iieviird 

(ill iKiisei 

' 3x604 3 - 120 ] '.540' 

, 6 x 60-1 dx 120 1 "1960, 


3 3 

6 5 


60 

120 
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Suppose Ihere is another shop in the locality quoting the following prices : 

Pencil—70 liaise each 
Notebook—130 paise each 

Now, the mony needed by Ram and Shyam to make purchases from this shop will be 
(3x70 + 3x130) paise, that is, 600 paise and (6x70 + 5x 130) paise. that is, 1070 paise 
respectively. We can wntc this information as follows ; 

Requirements Prices (in paise) Money needed (m paise) 

at the t\Vo shops 


[3 3] 

r 70 ■ 

px70 + 3xl30 1 

' 600 

Us- 

130 - 

L 6x70 + 5x130 -1 

L 1070 . 


The above two mformations combined, can be expressed in terms of matrices as follows ; 
Requirements Prices Money (in paise) needed at the two 


(in paise) shops 


■ 3 3 ‘ 

r 60 70 I 

■ 3x60+3x120 

3x70 + 3x130 1 ^ 

' 540 

600 

-65- 

1-120 130 J 

- 6x60+5x120 

6x70+5x 130 -1 " 

- 960 

1070 - 


The above example illustrates multiplication of matrices. We observe that for multip lication 
of two matrices A and R , the number of cloumns m A should be equtd to the numtor^of rows 
urth^or^ for getting tfiie“fl'emSnls ofthe profficfrhalrix, we take rows of A and columns 
oOTnuiTn^them elementwise and take the sum. Below we explain these in detail. 

Let A be a mxn matrix and B a nxp raatrbc, that is, the number of columns of A is 
equal to the number of rows of fl The product C of the matrices A and B is a matrix defined 
as follows • To get (z, j)th element of C, we take the i th row of A and the j the column 
ofB, multiply them elementwise and take the sum of all these products. 

Thus if A = [Om], 1<7<7Z, and 

B = [hj, l<k<«, l</<p, then the z throw of A is = a^ .aj and the j th column 

OfB IS 


and = zz.^ b,j + Oa + ... + 
n ■■ 


= S 

k=] 


Note 

1. If the number of columns of A is different from the number of rows of B, the product 
AB IS not defined, 

2. If A IS a zrz X n matrix and B is a « xp matrix, dien AB ts a m xp matrix. 
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Example 1.8 


Lei A = 


12 3 1 and iJ = f 2 3 1 ' 
L -2 1 4 J 542 

.15 3. 


Number of columns of A = 3. 

Number of rows of 5 = 3, 

Hence, AB is defined and is a 2 x 3 matrix. Also, 


A 5 = 


■ 1x2+ 2x5+ 3x1 
. -2x2 +1x5+ 4x1 


1x3+ 2x4+ 3x5 
-2x3+ 1x4+ 4x5 


15 26 14 ■ 

5 18 12 - 


1x1+2x2+ 3x3 1 

-2x1+ 1x2 + 4x3 J 


Remark 

If AB IS defined, then BA need not be defined Tins is exhibited by the above example. 
BA IS not defined m the above case because B has 3 columns while A ha.s only 2 (and not 
3) rows. 

Now. we shall sec by an example that even if AJ5 and BA are bolh defined, it is not necessary 
that AS = BA 


Example 1 9 
Consider 




5 6 

8 9 




Now A IS a 3 X 2 matrix and S is a 2 x 3 matrix. Hence, AS and BA are bolh defined 
and are matrices of order 3x3 and 2x2 respectively. AB BA as they are matrices of different 
orders 

One may think that AS and BA will be the same if they are of the same order. However, 
we give an example below to show that AB and BA may be different even if they are of the 
same order, 


Example 110 


Let A = 

-12 1 

and B = r -2 2 


- 3 4 J 

L 1 -1 

ThcnAB = 

r 0 0 1 

while 


L -2 2 J 


BA = 

-441 



. -2 -2 . 



Hence, AB ^ BA 

Thus matrix mulbplication is not commutative, 
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For numbers a, b we know that if ab = 0. then either a = o or b = 0. This need not be true 
for matnees. 

Example 111 


Let A = 

r 0 a ■ 

and B = r c ^ 1 



L 0 b . 

L 0 0 J 


where a, b, c, d are all different from zero. Then A * 0, B ^ 0, 

but AB = 

■ 0 fl ■ 

fed"] = 

0 0 


-Ob. 

.00. 

0 0 - 


Hence, if Uie product of two matrices is a zero matrix, it is not necessary that one of the matrices 
IS a zero matrix, 


1.3 

Malrix multiphcalion is associative and it distributes over addiLon. In other words. 


(1) A (BC) = (AB}C 

(2) A (B+C) =AB+ AC 

(3) (A + Bj) C = AC + BC 

whenever both sides of the equality are defined. 
Proof :(\) Let A = 

S = and C = 

Now, (i, k)\h element of AB 



Hence, (i, j)th element of (AB) C 

- b j) 

*=i j=i 

Also 0, ^)th element of (BQ 

*=i . 

Hence, (i, s)th element of A {BCj 
= b cj 

j=\ *=l 

From (1 1) and (1.2), we condude that 
A (BC) = (AB) C. 

(2) Let A = [a, 


( 1 . 1 ) 


( 1 . 2 ) 
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Then B + C = [6^ + c^,] 

Hence, (i. A)th element of A (B + C) 

n 

= Sa, (b^ + c.,) 

J^l 

n n 

= la,^ bj, + la. 

j=i 

= (i, ^)Lh element of AB + (i, /t)th element of A C 
Therefore, A (B + C) = AB +AC. 

The proof of (3) is exactly similar to that of (2). 

Transpose of a Matrix 

Let A be a mx/i matrix Then the matrix A' obtained by interchanging the rows and columns 
of A IS called the transpose of A. 


Example 1.12 


Let A = 

flu 

■^12 



fl2i 

^22 

"23 

\ 

L fljj 

^32 

"33 

Then A = 

«11 

^21 

"31 


^12 

,^22 

"32 


^ ^13 

<^23 

"33 

Note 




If A is a 

mx n matrix, then A' is 

A matrix A is said to be symmetri 

A = 


^2 

"3 




C2 


L fl3 

■C2 

'^3 

IS symmetric 



A matrix A is said to be 

skew-syr 

A = 

0 

a 

b 


-a 

0 

r 


L _/; 

- c 

0 


is skew-symmciric. 


Note 

A visual criterion for the symmetry ol a matrix would, iherofore, he that it i.s syninictnc 
along the mam diagonal, wliciea;' the maiiix would be skcw-syiTiiiictric if all the elements 
on the mam diagonal ai e /.cros and the elcmcnus syinmcliic about the main diagonal are, equal 
m magnitude but opposite in signs 
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EXERCISE 1.1 

1. If a matrix has 12 elements, what are the possible orders it can have ? What if it has 
7 elements ? 

j 2. Construct a 3x4 matrix whose elements are 

{i)a,j = i+j {n)a.=i-J 


3. 

If 

V 

x-y 

J 

2x + z 

= 

-1 

5 




2x-y 

3 z + w 


0 

13 . 


find X, y, z, w 

4. Let A, B be matrices such that A + B is defined. Show that 
(A+fl)' = A'+B'and 

(k A)' = k A', where it is a number, 

y „5 A trust fund has Rs 30000 that must be invested in two different types of bonds. The 
first bond pays 5% interest per year, and the second bond pays 7% interest ix:r year 
Using matrix mulUpLcation, determine how to divide Rs 30000 among the two types 
of bonds if the trust fund must obtain an annual total interest of: 

(a) Rs 1800 (b) Rs 2000 (c) Rs 1600. 

6. Three shopkeepers A, B and C go to a store to buy stationery. A purchases 12 dozen 
notebooks, 5 dozen pens and 6 dozen pencils.B purchases 10 dozen notebooks, 6 dozen 
pens and 7 dozen pencils. C purchases 11 dozen notebooks, 13 dozen pens and 8 dozen 
pencils. A note book costs 40 paise, a pen costs Rs 1.25 and a pencil cosLs 35 pai.se. 
Use matrix multiplication to calculate each individual’s bill. 

^7. The cooperaUve stores of a parucular school has 10 dozen physics books, 8 dozen 
chemistry books and 5 dozen mathemaucs books. Their selling prices arc Rs 8.30, 
Rs 3 45 and Rs 4 50 each respectively, Find the total amount the store will receive 
from selling all the items 

s,j.8. Let A, B be matrices such that AS is defined. Show that (AB)' = B'A'.* 

Let A be a mxn mauix and / be the nx/i identity matrix. Show tliat 
A/ = A. 

Let'A be a mx n matrix and / be the mxm matrix. Show that lA = A. 

11 LetA= [ 2 4 ] ,S= [ 1 3 ' 

. 3 2 J [ _2 5 1, 



Find each, of the following ; 
(i)A+B (ii)A-B 

(iv) AB (v) BA 


(lii) 3A - C 
(vi) (BCr 
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12, Add ihe malrices in the following ; 


(or 

a 


b 

1 + r ^ 


L 

-b 


a 

1 L b 


(ior 


t^ + c^ 

1 + r 2ab 


L 


a^ + b^ - 

I L -2ac 


(iii) r 

a 


b 

+ r P 


L 

c 


d 

L r 


Compute the indicated products 

: 


(i)r 

a 


b 

r “ 


L 

-b 


a 

L b 


(u)r 

a 



r ^ 


L 

c 


d J 

L -e 


(ill) ■ 

1 

1 ■ 

1 


[ 2 3 4 5 ] 


L 

(iv) 

1 1 

_2 

iri23- 



L 2 

3 

-1 L 2 3 1 - 


(V) 

■ 2 

3 

4 

■ 1 -3 

5 ■ 


3 

4 

5 

0 2 

4 


- 4 

5 

6 

L 3 0 

5 - 


(VI) 

'2 1 ■ 


r ^ 

0 

1 ' 


3 2 


L -1 

2 

1 


L -1 1 - 





(vii) 

3 -1 

3 

1 

■ 2 

-3 ■ 


- -1 0 

2 

J 

1 

0 





L 3 

1 J 

Evaluate the following 





(Of 

■ 1 3 

- 

+ 

3 -2 

]; 


- -1 -4 

- 

- 

-1 1 

00 [ 

1 2 3 


] 

1 

0 





2 

0 





L 0 

1 

(iiO [ 

a b ] 


c 

1 + ^ 

a 




L d 

J 



b 

a 

2bc 


a 

-b 

d 


1 

2 


2 

1 

2 


VO 
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1 

-1 

( r ' 

0 

2 

1 - 

0 

1 

2 1 ^ 

0 

2 

l L 2 

0 

1 

J L 

1 

0 

2 J J 

1 2 

3 -1 









15. Show that. 

(i) r 5 


]'[ 


16. Let A be a square matrix. Show that — (A + AO is a symmetric matnx and 

1 

— (A - AO is a skew symmetric matrix. 

Conclude that any square matnx can be written as sum of a symmetnc matrix and a skew 
symmetric matrix. 

17. Show that the elements on the main diagonal of a skew symmetric matrix are all zeros. 

18. Prove the following by the principle of mathematical induction : 


li 

-1 

-4 1 

, then A" = 

• l + 2n -4n 

L 1 

-1 J 


n l-2rt - 

for any positive integer n. 




19. Let A = r cos 0 

sin 0 1 



L -sin 0 

COS0 J 




Show by mathematical ihduction that 


A" = cos n 0 

' L -sin n'6 

for every positive integer n. 

Let A = r 0 -tt 

L -tan“ I 
. 2 

matnx of order 2. Show mat 


sin n 0 
cos n9 


I + A = (I-A) 


cos a - sin 


J and /, the identity 

-sin a 
cos a -I ■ 


Let A = 


Show that 


{al + bA)" = fl" / + na""' bA, 

where / is the identity matnx of order 2 and n is a positive integer. 
Let f(x) = x^- 5x + 6. Find f{A) if 

A = r 2 0 1 ■ 

2 1 3 

. 1 - 10 . 
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1.4 Determinants 


For evciy square matrix A = [aj, wc associate a number called determinant of A denoted 
by det A or lA 1 or even I a.J, The notation 1 a,j \ appears to be somewhat confusing as it might 
be confused for the absolute value of the element of the matrix. However, in case of 
matrices the notation has become standard. In this section we shall learn how to associate 
the number det A to the square matnlc A The matrices which are not square do not have 
determinants. The deteiminant are very useful in solving a system of linear equations as will 
be illustrated in section 1.6. The determinants have also been used as a convenient way of 
expressing certain formulas. We shall illustrate this by expressmg the formula for area of the 
triangle with vertices (x,, y,), (x^, y^, {x,, yj). The determinants are very useful in the study 
of matrices. We shall see one such use while discussing invertible matrices. 

The determinant of a 1 x 1 matrix [n] ts defined to be a. 

Let us now define the determinant of a 2x2 matrix 


A = 


a 

c 


b 

d 


We define 1 A = ad - be- 
We also write a b\ = ad ~ be, 
c d I 


The determinant of a 

3x3 matrix 





^2 








^3 



- 

Cl 




- 





“2 

«3 




br 


bz 

b. 




Cl 


Cl 






K 


b. 










is denoted by 


and is defined to be 




...(1,3) 


The determinant of a n x /i matnx is called a determinant of order n. B cfore giving the definition 
of a determinant of order n, in general, let u.s consider an example of a determinant of order 3, 


Example 1.13 


Find the value of the determinant 

1 -3 

A = 


4 

3 


-1 

5 


By definition 


2 

2 

2 


A= 1 

-1 2 

+ 3 

4, 2 

+ 2 

4 -1 


5 2 


3 2 


3 5 


= (-2 -10) + 3 (8 - 6) + 2 (20 + 3) 
= -12 + 6 + 46 = 40. 
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-^1 

bi bj 

+ bj 



Cj Cj 


<^1 


What is the technique of finding these expansions 
value of any detenninant of order n given by 

<^jl ^12 • • ‘*1/1 

A — ^21 ^22 *** ^2n 

^nl ‘*liJ ■■■ 



? We shall illustrate this by defiiiing the 

(1.5) 


For this purpose, first we define the minor and cofacLor of the element a,^ ;i])pearinR in the 
ilh row and jth column of the determinant. If we supress the ith row and the jth column of 
the determinant, we get a detenninant M of order (n-1). This determinant Is defined to 
be the minor of the element The cofactor of is defined to be (-1)' * ^ . 

Example 1.14 

Find all minors and cofactors of the determmant 

a, flj 
f?! hj bj 

Cj Cj c. 


Solution 

M,, 

= 

1 b, 

1 Cj 

bj 

Cj 

Cji 


b2 

C2 

bs 

C3 


= 

bi 

Cl 

bs 

C3 

C.2 

= - 1 

bi 

Cl 

bj 1 

C3 1 

W ,3 

= 

bi 

Cl 

bx 

C2 

^13 

= 

bi 

c, 

b2 

Cj 


= 

<*2 

Cl 

flj 

C3 

C2. 

= _ 

n, 

C2 

«3 

C3 


= 

“l 

Cl 

“3 

C3 

c 

^22 

= 

Cl 

^3 1 

C3 1 



“l 

Cl 

“1 

C2 

C ,3 

= — 

fli 

Cl 

<*2 

C2 
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«2 


c = 

"2 

«3 


b 2 

^3 

'^31 


^’3 

= 

“1 

b . 

C3. - - 

«i 

"3 

/J3 1 


-^1 


c 


"2 


bi 

^>2 

'-’33 

^’1 

^2 


Now, we can easily define Lhc value of the dcierminanl A of order n, given by (3) : 

J=l 

= Td C . 

The above expression is obtained by expanding Uie determinant along ilh row. If we expand 
it along ;th column its value turns out to be 

=hf,y 

1=1 ' 1=1 

The value of the determinant does not dciiend on along which row or column it is expanded. 
Wo arc not giving a proof of this result However, let us verify it for the determinant 

fll Oj • 

A = b, *3 


by expanding it along first row, first column and second column. 
Along first row : 


II 

< 

\ 

^3 

-«2 


^^3 

+ 03 




C 3 


c, 

C 3 


Cl 


= a. 

C 3 -«i 

Cjbj a^b^ Cj + OjC, 63 + Oj 

- Qj C; ijj 



Along first column : 








A = a. 

^2 

^3 ' 

-b, 

«2 


+ C, 

flz 

03 

1 

^^2 

Cj 


^2 . 

C 3 


^2 

/;3 


= a, - a, c, b, - /j, c, + 6 , + c, ~ c, b^ n. 

Along second Column : 

^ ^ I I a, 03 I 


fi, 63 + bj 

«i 

CI3 — Cj, 


"3 

' C3 C3 

c, 

C3 


^>3 

b] Cj + Oj C| bj + bj Oj Cj — 

bjCjOj 

— CjOj bj + Cj b| Oj 




It IS clear that all the three expressions for A are equal. 

We also give a fairly easy melhod of evaluating a determinant of order 3. Consider 

flj flj O 3 

A = b^ b^ ^3 
c, c, c. 
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Write the thrw columns and repeat columns. Draw the arrows as shown in the figure below. 
Add the products on the downward moving arrows and subtract the product of the numbers 
lying on the upward moving arrow This method does not work for determinants of order 
greater than 3. 


S 




\ 


h 



n 


^2 


/ 


/ 





\ 

\ 

\ 




c 


2 


Example 1.15 . 
Evaluate 


A = 


-1 

2 

4 


6 

1 

I 


We have the following diagram 


-2 

1 

-3 



l.S Properties of Determinants 

™ j,°all°prov?3?or teTora“ ““ “"y Howa.c,, 

Tlsse propanies are often used to simplify the determinant before expandtng it. 
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^ ^Tpeorem 1.4 

The value of a detemiinani remains unchanged if its rows and columns arc mtcrchanged. 


Proof : Let A = 
Then, 


c, 


A = flj (bjCj - Cjij) - flj (b^Cj - c^bf) + a, {b^c^ - b^c^) 

Let us interchange the rows and columns of A. Then we get the determinant 



Expanding along first column, we get 

A; = a, (bjCj - Cj hj) - ib^c^ - c^ bf) + (h,Cj - b^ c,) 
Hence, A = Aj. 


Remarks 

(1) Since interchange of rows and columns docs not change the value of Lhe determinant, 
whatever we prove for rows remains true for columns. 

(2) If A is a square matrix, then det A = det A'. 


)![$■. Th^em 15 

Tftwo rows or columns of a determinant are mtcrchanged,, then the sign of the determinant 
is changed. 

Proof: Let 


A = 


Let us interchange the first and third rows. [The arguments for other interchange arc similarl. 
The new determinant after the interchange is now 


a, 


Then 


A a, (^ 1^3 '' 2 ^ 3 ) ^2 (^ 1^3 *" 1 ^ 3 ) *^3 

Expanding A, along the third row, we get 

It is now clear that A, = - A, 

Theorem 16 

IE any two rows or columns of a determinant are identical, then its value is zero. 
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Proof ■ If we interchange the identical rows of A, then A docs not change. However, from 
theorem 1 5, it follows that A has changed its sign. Thus A = ~ A. 

Therefore, A = 0 


1.7 

If each element of a row or column of a determinant is multiplied by a constant k then its 
value gets multiplied by k 


Proof. Let A = 


a. 




“3 ‘-2 

Let A, be the determinant oblained by multiplying the elements of llie first row by k. 


Then 


A,= 


ka^ kbi kc^ 
Cl 

Cj 


= fca, (ijCj - cfjj) - kb^ (djCj - + kc^ - nj)f) 

= fc [ (.b^Cj — CjAj) — b^ {^ 1^2 ~ ^^3^2) ■t’ Cj (,^2^2 ~ ^ 2 ^"^ ^ 

= fe A, 


If the elements of any other row or column are multiplied by k, we get tJic result by expanding 
along that row or column. 

Note on the other hand that pn the case of mairii; .p..<! kA is ihp. matrix obtained when every 
entry of A has been multiplied by k and hence if A is square matrix of order n then 

I MUA M aT 

Corollary hi 

If two rows (or columns) of a determinant are proportional, then its value is zero 


Proof Let 

«i 

“z 

^3 


A = 

i’l 

bi 




kb^ 

kb^ 

kbj 



«i 

^2 

“3 


- k 

^1 

bi 


(by theorem 1.7) 



bi 



= kQ 




(by theorem 1 . 6 ) 

= 0 




Corollary 1 2 





Let A = [a^^ be a 

square matrix of order n. 


Let C denote the cofactor of the element a . 

‘ V 
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Then, 


n 

Sa,* 

i=; 




lAI if 2=J 
0 if 2 


n 

Proof : If 2 = 7 , the expression is 


i5i ~ '^ii "*■ ■ 

= IA I as it is the expansion of the determinant along the nh row. 
If 1 A j, consider the following determinant: 





^11 




^21 

^22 


ith row — 





jlh row - 


^21 


K 



Ki 

«n2 

^nn 


The value of this determinant is zero as it has two identical rows. However, expanding llic 

n 

above determinant along the jlh row, wc get the value of the determinant as ^Z, i 2 ,jjC^ (since 
djt = aj and this is zero, 

Hence, we conclude that if i Aj, thcri a,^C^^ = 0. 


Note 


If instead of rows, we consider columns m the proof, we obtain 
' Wl if 2=7 
0 if 2 t-j 




^' Theorem 1 8 


If each element of a row (or column) of a dclciminant is expressed as a sum ul two or more 
terms, then the determinant can be cxprc.sscd as .sum of two t'r more determinants . llun- 



22, + a, 

a,+ a, 

233+ ot, 


«1 

“2 



(X, 

u. 


D = 

bk 

b. 

b, 


bk 

bi 

b. 

+ 

/?! 

bt 

h, 


Cl 

C2 

C, 


Cl 


Cj 


Cl 

Cj 

Cj 


Proof , Expanding the determinant on the left hand side along the first low, wc get 
A = (oj + a,) (tjCj- cf)f} - ( 22 ; + cx,) (/iiCj- Cjhfl + (r/j + of) (bjCj- t .h_) 

=0, (6jC,-c,/ 2,)-22, rr//),i, : Ji )■{ o 



! «. 

“2 

0. 

1 

at, 

^■3 

a. 

- 

f>i 

b. 

h 

4 

bk 

b. 

/ij 


Cj 

c. 

e 

Cr 


C] 

C2 

C3 
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If ihe elements of any other row or column are expressed as the sum of two terms, we get 
[he same result by expanding it along that row or column. 


Theorem 1.9 

If to any row or column of a determinant, a multiple of another row or column is added, the 
value of the determinant remains the same. 


Proof . 

Let A = 


' Suppose 



fl; + kc^ 

K 



aj + ^ 
^3 


that is, A^ is the determinant obtained from A where /t-times the third row of A is added to 
its first row. (The argument in case of other rows or columns is similar). Now 



a^ 1^2 I 


Cl C3 

A,= 1 

b, b, bj 1 

1 +ifc 

b, bj bj 


Cl q C3 


^1 ^2 ^3 


by Theorems 1,7 and 1 8 

The second determinant on the right hand side vanishes by Theorem 1,6. So we gel A,=A. 


Example 116 

If 0 ) is one of the imaginary cube roots of unity, find the value of 


1 

CO 

co^ 


CO 

co^ 

1 


to^ 

1 

CO 


Adding the second and third rows to the first row of A we get 

1 + co + co^ l + co+co^ l + CO + O)^ 




CO 

co^ 


CO* 

1 


1 

CO 


0 0 0 

CO CO* 1 

CO* 1 0) 


(becau.se l + co + co*=0) 


(expanding along the first row) 

Exatnple 117 
Evaluate 

219 117 345 

19 9 34 

1 3 5 
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Solution 


= 2 


= 6 


219 

19 

7 

29 

19 

7 

22 

-2 

7 

11 

-2 

7 

11 

-2 

7 


117 

9 

3 

27 

9 

3 

24 

0 

3 

12 

0 

3 

4 
0 
1 


345 

34 

5 

5 

34 

5 

0 

19 

5 

0 

19 

5 

0 

19 

5 


= 6[-llxl9-4(-10-133)] 

= 6[-209 + 572] = 6x363 = 2178 


(Substiact 10 times the second row from the 
first row, that is, f?,-10 


and /fj- 3 /?,) 


(Take 2 common out m the first row) 


(Take 3 common out in the second column) 


(Expand as entries are now small) 


Example 118 
Show that 


A = 


a 

2a ■ 
3a 


a + b 
3a + 2h 
*66 + 313 


a + 6 + c 
4a + 36+2c 
10a + 66 + 3c 




Solution 1 

% 



a 

a 

a + b'+c 


a- 

6 

a + 6 + c 

A = 

2a 


4a+ 36 +2c 

+ 

2a 

26 

4a + 36 + 2c 


3a 

6a 

10a + 66 + 3c 


3a 

36 

l0a + 66 + 3c 


(The second determinant is zero, because I and II columns are proportional) 


a 

a 

a 


( 

a 

a 

6 


a 

a 

c 

2a 

3a 

Aa 

+ 

2a 

3o 

36 

+ 

2a 

3a 

2c ‘ 


6a 

Ida 


3a 

6a 

66 


3a 

6a 

3c 


(The second and third determinants arc zeros) 




1 1 1 

2 3 4 

3 6 10 


(Applying and C^-C^) 
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1 0 0 

= 2 12 =flM 0-6) = a\ 

3 3 7 

Note 

Cj-Cj means subtracting first column from second column. Simikr statements regarding 
rows and columns have their obvious natural meanings. ' 

EXERCISE 1.2 


1. Ivaluaie the following determinants; 


(l) 

3 4 I 

(li) 

cos Q 

-sin 0 


9 -7 1 


sin 6 

cos 0 


Oil) x^-x+l jc-l (iv) — — 

j :+1 r +1 7 3 

J_ 1 

4 T 

3. Wnie ihe minors and cofactors of each element of the first column of the following 
dcierniinanis and evaluate the determinant in each case 


(i) S 20 

0 -1 

(iii) 1 a be 

I b ca 

1 c flh 

3 Lvaluatfi the following determinanLs; 

(>} a h g 

h b f 

g f c 

(iii) b + c a a 
b c + a b 
^ C G b 

I j: + A, 


(iO 

1 

-3 

2 



4 

-1 

2 



3 

5 

2 


(iv) 

0 

2 

6 



1 

5 

0 



3 

•*i 

1 


(u) 

a~b 


b-c 

c-a 


b-c 


c-a 

a~h 


c-a 


a~b 

1}~'C 

(IV) 

2 

-1 

0 

1 1 


-3 0 I ~2 

11-11 
2-15 0 


1 a b + c 

1 b c + a 

1 c a + b 


X 

X 


X 

x + X 

X 


X 

X 

JC+ A, 


(VI) 
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Prove the following identities : 


10 


11 . 


4 

b + c 


C + a 

a + b 


'a b c 


q + r 


r + p 

p + q 

= 2 

p q r 


y + z 


z + x 

x + y 


X y z 

5. 

1 

a 







1 

b 

b^ 


= (b 

-c) (c- 

a) (a-b). 


1 

c 

c^ 





6 

1 

1 

1 






a 

b 

c 


= (b 

-c) (c- 

a) (a-b) (a + b + c) 




c^ 





7 , 

n 

y 

z 










= (y-z 

(z-x) (x-y) (yz + zx+xy)^ 



2X 






8. 

-la 


a + b 

a + c 




b + a 


-2b 

b + c 

= 4 (a + b) (b + c) (c + a). 


c + a 


c + b 


-2c 



9. 

{h + cy 

of 






h’ (c + ay 


1 + a 
1 
1 

ba 

ac 


1 

l + f» 
1 

ab 

-b^ 

be 


{a + bf 

1 

. 1 

1 + c 


ac 

be 

-c^ 


= 2abc {a + b + c)’, 


= he + ca + a 6 + abc. 


= 4 c^. 


1.6. Application of Determinants 

In this section .we shall discuss the use of determinants in finding the area of a triangle and 
in solving a system of linear equation.!. 


Area of a Triangle 

In the previous class, you learnt that the area of a triangle whose vertices arc (.r,, y,), 
)' 2 )' (.*^ 3 . >' 3 ) is given by the expressiorf; 

1 . 
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As you can see, this expression is the expansion of the determinant 

Xj 1 

'» y 2 ^ 


So the area of a triangle whose vertices are >,), (x^, y^), (^. y,) is given by 


1 

A= — 
2 


yi 

)’2 

y^ 


Since the area has to he a positive quantity,we always take the absolute value of the above 
determinant for the area. 


Example 1.19 

Find the area of the triangle with vertices (-2, 4), (2, -6) and (5, 4) 


Solution 

The area A of the triangle 

1-241 
2 2-6 1 
5 4 1 


= —[(12-8)-(-8-20)+ (8 + 30)] expanding along third column) 

2 

=-i[4 + 28 + 38] = 35. 


Solution of Systems of Linear equations by Determinants 
Let us consider the system' 


OjX + biy = Cj 

a^+b^ = c^ 

Solving these equations, we get 

V - ^2*^1 «iC2-a2Ci 

"Ai — ^ y — j 

Wnting determinants, we can express the soluQon as 


x = 



y= 
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Observation 

We note that the denominator in the values of jc and > is really the determinant of the coefficients 
and the numerators are the determinants obtained by replacing the coefficients of x and y 
respectively by the constant terms. We shall elaborate on this point while dealing with the 
general case. 


Example 120 

Using determinants, solve the following system of equations: 
2jc-4y = -3 
4jc + 2y = 9 


Solution 


Hence, jc = 


or j: = 


30 

_3_ 

T’ 


-3 

-4 


2 

-3 

9 

2 


4 

9 

2 


■ ’ >= ■ 

2 

-4 

4 

2 


4 

2 


30 



Let us now consider the following system of equations: 
a,x + b^y + c^z = d, 

flji + 6jy + CjZ = dj 


Then 


D = 


Ol 

^3 


xD = 


a^x 

ajc 

a^ 


Multiplying the second column 
column, we get 



by y and the 


tliird column by z and adding these to the first 


a^^x+b^y■¥c^z b^ 

a^+b^ + c^z bj_ Cj 

OjX+ftjy + CjZ bj Cj 



MATIIEMA ncS 


d, 6, 


say. 


and Dj = 


Now, as before, we can see that yD = D and zD = f),. 


Thus x= 


provided Di^O. 


The method which we used for solving a system of three equations can be used in exactly 
the same way to solve a system of n equations in n unknowns. Below we state the theorem 
for the general case. The theorem is known as Cramer’s Rule after the Swis.s matlicmaticiaa 
Gabriel Cramer (1704-1752). 

Theorem 1.10 

Consider the system of n hnear equations irf n unknowns given by 


‘^11 ^12 

^ ~ ^21 ^22 


1 ^nl ^»2 ■ ■ • I 

Let be the determinant obtained from D after replacing the y'th column by 


Then, if D 0, we have x= —— x - 

‘ f) ’ ^ D 

i 

Example 1 21 

Solve the following system of equations ; 

2x + 5)' - 2 = 9 
3jc-3yi 2? = 7 
2x-4y + h~\ 


" D 
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Solution 

D= 2 5-1 

3-3 2 

2 -4 3 

= 2(-9 + 8)-5(9-4)-(-12 + 6) 

= -2-25 + 6 = -21 
= 9 5-1 

7 -3 2 

1 -4 3 

= 9(-9 + 8)-5(21-2)-(-28 + 3) 

= -9-95 + 25 = -79 
D, = 2 9-1 

3 7 2 = 2(21-2)-9(9-4)-(3-14)-3S-45+11 = 4 

2 1 3 

Dj = 2 5 9 

3 -3 7 = 2(-3 + 28) -5(3 - 14) + 9(-12 + 6) = 50 + 55 - 54 = 51 

2-4 1 

79 -4 -17 

— 


Example 1 22 

Solve x+ }<+ 2 + w= 2 
x-2y + 2z + 2w = - 6 
2j: + y — 2z+ 2w = - 5 
3j:- )’ + 32-3w = -3 


Solution 


D= 1 1 1 1 1 

1 -2 2 2 1 

2 1 - 22 = 2 
3-13-3 3 


= -3 

1 

1 1 


-1 

-4 

0 =-3x24-6-16 

-4 

0 

-6 


2 

1 

1 1 

• 2 

D,= -6 

-2 

2 2 

= -6 

-5 

1 

-2 2 

-5 

-3 

-1 

3 -3 

-3 


0 0 0 

-3 1 1 

-1 -4 0 

-4 0 -6 

rC,-C,, Cj-C, ami 
-94 


0 0 1 

4 0 2 r C,-C 1 

1 -4 2 L Cj-C^ . 

2 6-3 
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Z), = 2 


-4 

0 

2 


-6 

-4 0 

-1 

-4 

2 

— 

-5 

-1 -4 

2 

6 

-3 


-3 

2 6 


= 2 [-4 (12-12)+ 2 (-6+ 8)]-[-6 (-6+ 8)+ 4 (-30 -12) ] 
= 8-[-12-42x4] = 188 




1 2 

1 

1 


1 

1 

0 

0 

1 -6 

2 

2 


1 

-7 

1 

1 

2 -5 

-2 

2 


2 

-7 

-4 

0 

3 \3 

1 

3 

-3 

1 

1 

3 

-6 

0 

J 

-6 


A = 


-7 1 1 

-7 -4 0 

-6 0 -6 

-7 X 24 - 42 - 24 - [ 24 + 12 + 12 ] 
-234 - 48 = -282 


112 1 
1 - 2-6 2 

2 1-52 

3 -1 -3 -3 


1 1 1 
2-4 0 
3 0 -6 


10 10 

1- 3-7 1 

2- 1-7 0 

3 -4 -6 -6 


-3 -7 1 

-1 -7 0 

-4 -6 -6 


1 -3 1 

2-10 
3 -4 -6 

3 X 42 + 7 X 6 + (6 - 28) + 6 + 3 (-12) + (-8 + 3) 
126 + 42 - 22 + 6 - 36 -5 = - 189 + 48 = - 141 


D. = 


1112 
1-2 2-6 
2 1-2-5 

3-1 3-3 

-3 1 -6 

-1 -4 -5 
-4 0 -3 


-2 


10 0 2 
1-3 1-6 
2 -1 -4 -5 
3-4 0-3 


1 -3' 1 

2 -1 -4 

3-4 0 


36-(3 - 20)-6 (- 16)-2 [-16 + 36-5] 

36 + 17 + 96- 30 = 47. ^ 


C3-C, 

C,-C. 


C4 - c. 
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Hence, x= 


D 



3 -1 

Similarly, y=3,z=— and 


Note 

1. For the sysiem in Theorem 1.10 if b^ = b^ = ... = fc, = 0, then each £>, = 0 and if Z) 0, 
the system has only the tnvial solution jCj = jq = ... = x, = 0. 

2. Cramer’s rule does not apply if D = 0. 

3. While discussing the system of three equations in three unknowns, we saw that j Z) a Dj, 
y D = Dj and z D = Dj for any x, y, z satisfying the system of equations. Thus if D = 0 and 
some ~D,^0, then the system has no solution. Same remark holds gooa in the general case. 

4. If H = 0 (and D^=D^ = Dj = 0), we may still use the method of determinants as 
illusttated by the following example. 

Example 1.23 

Solve the followmg system of equations : 

X- y + 3z = 6 
X4 3y - 3z = -4 
5x + 3y + 3z = 10 

Solution 


1 

-1 

3 


1 

-1 

1 


1 

0 

0 

1 

3 

-3 

= 3 

1 

3 

-1 

= 3 

1 

4 

-2 

5 

3 

3 


5 

3 

1 


5 

8 

-4 


= 0, as 2nd and 3rd columns are scalar multiple of each other. 
Considering first two equations, we have 
X - y = 6-3z 
jc + 3y = 3z-4 


[ -C, + Cj C)-C, J 


Hence, 


6-32 -1 

1 32-4 3' 


1 

1 

6-3z 

3z-4 

1 

-1 

" Slid ^ — ”■ 

1 

-1 

1 

3 


1 

3 


orx = 


and y= 


18-9z + 3z-4 14-6z 


4 4 

32-4-6+3r 6z-10 


7-3z 

2 

3z-5 


4 


4 


2 
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We can give arbitrary values to z and find the corresponding values of x, y Thus we have 
infinite number of soluuons sausfying the fust two equations These are also seen to satisfy 
the third equation 


EXERCISE 1.3 


1 Find the area of the triangle with vertices at the points given m each of the following 
problems: 

(a) (0, 0), (6, 0), (4, 3) (b) (3, 8), (-4, 2). (5, -1) 

(c) (2, 7), (1. 1). (10. 8) (d) (-2, -3). (3, 2). (-1, - 8) 


2. Using determinants, solve the followmg systems of equations; 


(i) 5x + 7y = -2 

(ii) 3 X + a y = 4 

4 X + 6y = -3 

2x+fly=2 ‘ 

(lii) 2x + 3y + z = 9 

(iv) fix + y - 3z = 5 

4x + y =7 

X + 3y - 2z = 5 

X - 3y -7z = 6 

2x + y + 4r = 8 

(v) 3x - 5z = -1 

(vi) 2x - 3y - z = 0 

2x + 7y= 6 

X + 3y - 2z = 0 

X + y + r = 5 

X - 3y =0 

(vii) X - y =1 

(viii) 2x - 3z + w = 1 


X + z =-6 X- y + 2^ = 1 

X + y ~ 2z = 3 -3y + z + w = 1 

x + y + z = 1 

1.7. Adjoint and Inverse of a Matrix and its applications in Solving Linear Equations 

Definition 

A nonzero square matrix A is said to be invertible if there ixists a square matrix B of order 
n such that 

(1) AB = fl A = /, 

where 1 is that identity matrix of order n, B is called an inverse of A and A is called an inverse 
of B An invertible matrix has a unique inverse. This follows from the following 

Theorem 111 

If A, B, C are square matrices of ordpr n such that 
AB=BA= /and AC = CA=/, 
then B = C 



MATRICES AND DETERMINANTS 




Proof .B=Br = B (A C) = {B A) C=IC = C 
(give reasons for each of the above steps) 

Hence, if >1 is invertible, it has a unique inverse, which we clcnoic by /I ' Thus, wc have 
A A-' = A-' A = /. 


Remark 

In order that matrices A. 5 satisfy A S = 5 A = / for tlic identity matnx of ortler n. it is mvrsvuy 
that A, B be both square matrices of order n. This can be seen as follows ; 

Suppose A IS if order py.q and B is of or^cr r x j. In order dial A B and /? A l>c defined, 
it is necessary that q = r and s = p. Then A5 is a p x .r matrix and B A is a r » matrix, 
Since both are equal to / (order n), we must have p = s = r = q = rt. 

Hence, it follows that it is meaningful to talk about an invcr.se of a matrix only foi Miuarr 
matnccs. 

Let us now consider the problem of finding the inverse of an invcnibic matn,x. Wc Irgin 
with a square matrix of order 2. Let 


b 

d 

J-i 


ax, + bx. 


+ by. 


• 1 0 ■ 

eXj + dx^ 


+ dy2 J 


0 1 


A = 

B = 

J^ow, 

AB = 

.Hence, ox^+bx^^l 
cxi + dx^ = 0 
ayj + by^=0 
cyi + dy2=l 

Suppose IAI = ad- be Tt 0; 

Solving the above equations 
_ d 

— [ ' 
lAI -e 


We want to find a matrix 
such that A.0=flAs 


Hence, ifB = 
AB=l 
Also, BA = 


-c 

TTT 

-b 

a 


>'1 = 


-b 


141 

] , then 




a 

Tai 


1 


lAI 

1 

lAI 


d 

-c 


5 


..(l.ftj 


ad - be 

0 


1 

0 

0 

ad~bc 


0 

1 
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Hence, AB=BA=I 
Thus, B =A-K_ 

Thus, we see that if IAI 0, then A is invertible. 

It can also be verified that if lAI = 0, then A cannot be invertible, because solving the 
system of equations (16), we get 

x^\A\ = d^\A\x^=-c,y^\A\ = -b znA.y^\A\ = a Hence, if I Al = 0 andB =[ Xj yj ' 

1 ^1 yx, 

exists satisfying AB=BA=BA=I, then a = fe = c = d = 0. But then A = 0 and it can not have 
an inverse. Hence, we see that for a square matrix A of order 2, A is invertible if and only if 
lAlviO. 

Definilinn 

A squat-: matrix is said to be non-singular if IAI 0, otherwise A is said to be singular. Thus 
for'lTsquafrmatrix A of order 2, A is invertible if and only if A is non-singular. What we 
have seen for square matrices of order 2 is true for square matrices of any order. This we 
stale as a theorem below without proof. 


Theorem 112 

A square matrix A is invertible if and only if A is non-singular. 
Example 124 

a b 

The matrix c d, is non-singular if ad-hevtO The matrix 
is non-singular. Why ? 



Example 1 25 

r 1 1 3 

Let A = 2 2 6 

2 -3 1 

Then, 

1 1 3 

IAI= 2 2 6 -(2+18)-(2-12)+3(-4-4)=20+10-30=0. 

2 -3 1 

Hence, A is singular. 


In view of Theorem 1.12, it is easy to decide if a given square matrix A is invertible. 
The problem then remains of finding A'' if A is invertible. We discuss the method for square 
matnees of order 3 and then state the general result But first we need a definilion. 




Let A = Cofactor of the element a 

‘j ij 



matrices and determinants 


Definition 

The adjoint of-A is defined to be the transpose of the matrix and is dciiMti'd .iil( A 
^11 

Thus, if A = a,, £j„ a„ 


"l. 



a^i 

^22 ®23 



O 32 “33 J* 


f A is 

given by 



A|| Aj, 

Aji 

adj A 

= Ajj Ajj 

^32 


'^13 -^23 

^31 


Theorem 1.13 

If A IS a square matrix [a ] and lAlitO, 


, ihc^A * = 


■X adjoint of A. 


'u 

^12 

^13 



^23 

'31 

^32 

^33 



Aj, 

^12 

■^22 

■^32 

^13 

Aj3 

-^33 


Proof : We demonstrate the theorem for a square matrix A of order I. I ho proot ol ilio pi lo ral 
case IS similar and hence omitted. 

Let A = r n,, i 


adj A = 


Now, the (i, ;)th element of A.adj A 

= IAI if 
= 0 if i . 

by Corollary 1,2 
Hence, 

adj A 

A =/. 

lAI 

Similarly, we can see that 
adj A 

—— .A=I 
lAI 

by using the note following corrollary 1.2, 

This proves thatA-‘= adj A. 

lAl 

Example i.26» 

4-6 1 ■ 

Let A = - 1-1 1 

-4 11 -1 
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Show that A is invertible. Find adj A and A”*. 


Solution 


IAI = 


4 -6 1 

-1 -1 1 
-4 11 -1 


= 4 (1-11)+ 6 (1 + 4)+ (-11-4) 
= _40 + 30- 15 = -25. 

Hence, 1 A I 0 and A is invertib le 
Now, 



-10 

^12 

-5 

A,3 = 

-15 

^.1 = 

5 

- 

0 

Ay - 

-20 

Ajj - 

-5 

Ajj = 

-5 

Ajj = 

-10 


■ 

-10 

5 

-5 1 


adj A 

= 

'-5 

0 

-5 




-15 

-20 

-10 



1 


1 

' 2 

-1 

A-‘ = 

lAI 

adj A = 


T 


0 

4 

T 


1 

T 

1 

T 

2 

T 



1 

1 

2 


Let us verify that A A'‘ = /. 


1 

A A-‘ = — 
5 


1 

5 


4 -6 
-1 -1 
-4 11 

4X2-6+3 

0 

^+11 -3 

1 0 
0 1 
0 0 


1 ' 


'2-1 1 

1 


1 0 1 

-1 


3 4 2 


0 0 

5 0 

0 -4+11-2 


0 

0 

1 
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Linear Equations in Matrix Notation 

Consider Ihe following system of linear equations : 

flji + fljg, JCj + ... - bj 

^11 ■’■l *^22 ^ ^(1 “ ^2 


^ml ^m2 ^2 ^mn 

Let A be ihe coefficient matrix, thA is, let 



' «ii 




= 

«21 


^2. 












Suppose X = 


and B 

SS 








Then the system of equations given above can be written in the matrix notation as AX = fl 
Note 

We shall be concerned with n equations in n unknowns so that m = n and A is a square matrix, 
Discussion of genereal case is beyond the scope of our book. 

The system of equation s given in abov e is said to be consistent if the system has at leas t 
one solution and the system is said to be inconsistent if it is not consistent 

Example 1 27 

The system 
x + y = 5 
2x + 2y = l 

IS an inconsistent system of equations, because for no values of x and y both the equations 
are sausfied. 

Example 1 28 

The system 
x + y = 5 
2x + 3y B 7 

is consistent This system of equations can be written as 


■ 1 1 ■ 


X 

■ 5 ‘ 

2 3 


. y 1 “ 

7 


LetA = 


1 1 
2 3 


A 




3B 


MAI iiiMA nr S' 


Then 

1/11 = 1 and A-‘= J ’[ 


Hencej 


■ 3 

-1 

1 

1 ■ 

X 


■ 3 

-1 ' 

' 5 

'-2 

1 

2 

3 

y 


-2 

1 

7 


Hence, x = 8 and'y = -3. 


In this case the system has a unique solution 

From the above example, we feel that if there is a system of n linear equations in n unknowns 
B'ven b y A = 3 and A is non-singular, then the system has ^ iinigiir'. 'inliiiir^ n In fact, in 
this case it is easy to see that we have X= 

Thus in this case the system can be solved by Finding the inverse of the coefficient matrix. 
Example 1 29 

Solve the following system of linear equations' 

2x-3y+3z=l 
2x + 2y + 3 z = 2 
3x-2y + ?, z = 3 

Solution 

2-3-3 ■ 

A= 2 2 3 

■ 3-2 2 

Ia I =2(4 1- 6) + 3 (4 - 9) + 3 (- 4 - 6) 

=20 -15 - 30 = -25 
-4,1= 10.-4,5. A ,3 =-10 
0,A^=-5, A 33 = - 5 

= -15. A 3 j= 0 , A 33 = 10 , 

Hence, 


10 

0 

-IS 

5 

-5 

0 

-10 

-5 

10 

2 

0 

-3 

1 

-1 

0 

-2 

-1 

2 
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Hence, 


2 0 -3 1 [ 1 ' 

I -1 0 2 

- 2-1 2 J [ 3 


2-9 


-7 ' 

1-2 

-1 

c 

-1 

- 2 - 2+6 

J 

2 


7 1 -2 

Hence, = — 5 . 

In the above examples, we saw systems of equations which were cither inconsistent or, if 
consistent, with exactly one solution. 

Example I 30 

Let us now consider the system 

x+y= 1 
3x+3y = 3 

In this case the coefficient matrix A = 

Sinc e IAI = 0. A'‘ docs not exist . How ever, this does not m ean that the system has no 
SQlution. Jrifact. in this case the system ha s infinite number of soluaSnsTFor^y real! number 
'hyx= \-b and y = h is a soluuon of the system 

Criterion of Consistency 

We mention the following criterion (without prooQ for the consistency or Inconsistency of 
a system of linear equations given by AX=B, where A is a square malnx. 

( 1 ) If lA I A.O. then the system is consistent and has a unique solution 
(li) If IA i = 0 and (adj A'lfl = 0, then tlic system is consistent and has infinitely nuiny 
solutions 

(lii) If 1AI = 0 and (adj A) men tnc system is inconsistent 

_ System gf homnoeneous Linear Eiitiaiiom. 

The cquaiion.s 

OjX + + CjZ = 0 

a^x+h^' + c^z = {) 

cpnsLiiute a system of homogeneous linear equations. If 

fli b, c, 

A- /?2 Cj 

hj Cj 



A linea r equat ion is said to homogeneous if tltc constant term is zero . 

a^x + /i,y + c,z = 0 
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then the system of equations can be written as 

AX=0. 

Note that jc=y = z = 0 always satisfy the equations Hence, the system is always consistent. 
The solution x=y = z = 0is called the trivial solution. 

In tills case the interest lies in whether the system has non-trivial soluuons Suppose A 
is non-singular. Then exists and we get 

A-‘(AX) = 0 
or X = 0. 

TTp.nr.p. iF A is nnn-singulat, the system has only n~ivial solui iOJO. Thus in order that the 
system A A*=0 has nnn-tnvial solution.^it is necessary that IAI = 0 . In fact, we have the 
following 


Theorem 114 


has non-trivial solutions if and 


^niy if the co efficient matrix is singular. This theorem is proved in advance courses and we 
do not include its proof. However, we illustrate a method for finding non-trivial solutions 
by an example. 


Example 1.31 

Find non trivial solution of the system 

x+y+z=0 
x-y-5z = 0 
x + 2y+4z = 0 


Solution 

The coefficient matrix is 

A = 


1 1 1 

1 -1 -5 

1 2 4 


, It IS easily seen that A is .singular, that is, IA 1=0. 

Considering first two equations of the system, we have . 

x+y=-z 
x-y = 5z. 

Solving, we get x=2z, y = -3z. 

Now for any number k, we let 

x=2k, y=~'ik, z=k. 

Then these values of x, y, z satisfy the first two equations. It can be seen that these also satisfy 
the third equation " 


Note 

In view of the criterion of conistency menUoned earlier, we have the following regarding the 
solution of homogeneous linear equations given by AX=0, where A is a square matrix. 
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(i) If lAI t^O, then the system has only trivial solution 

(ii) If IA 1 = 0, then the system has infinitely many solutions 
Note that if I A I = 0, then (adj A)B = 0 as B = 0. 


EXERCISE 1.4 


1. Find the adjoint of the following matrices ; 


(i) 

1 2 ■ 


(ii) r 

2 3 1 


3 4 


1 

5 1 1 

(iii) 

1 -1 

2 

(iv) 

1 -12, 


2 3 

5 


3 1 -2 


-2 0 

1 


1 0 3 

2. Find the inverse of the following matnces ; 

(i) 

r 2 -2 ■ 


(ii) 

[251 


1 3 



[ -3 1 J 

(iii) 

1 2 


(iv) 

r 1 0 0 , 


0 2 

4 


3 3 0 


0 0 

5 


5 2-1 

(V) 

2 1 

3 

(vi) 

r 1 -1 2 , 


4 -1 

0 


0 2-3 


-7 2 

1 


3-2 4 


3. Which of the followmg equations are consistent and if consistent, find the solutions 


(i) + 3y = 5 

3y + 2y = 2 

(li) 2x-y = 5 
4x-2y = 1 

(v) 3 j: - y + 2z = 3 
2 jc + y + 3z = 5 
x-2y - z = 1 


(ii) x + 2y = 5 
3x + 6y = 15 

(iv) 2x - 3y = 5 
x+ y = 7 

(vi) X - y + z = 3 
2 x+ y- z = 2 
-x-2y + 2z= 1 
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(vil) Ji:+ )i-5z= 26 
x + ly-^ z = -4 
X + + 6z = -29 


(viii) 'Ix + 'iy - z = -15 
3x + 5)1 + 22 = 0 
X + 3)1 + 32 = U 


4. Solve the following system of equations by matrix method : 


(i) 3x-2y = 7 
5x + 3y = 1 

(lii) 2i + 3y = -l 
x + 2y= 2 

(v) 2x + 3y + 3z = 5 
x-2y+ z = -4 
3x - y - 2z = 3 

(vil) 5x - y + z = 4 
3x + 2y - 5z = 2 
X + 3y - 2z = 5 


(ii) 4x + 2y = 3 
3x-4y = 5 

(iv) 5x-7y = 2 
7x - 5y = 3 

(vi) 4x + 2y + 3 z = 2 
X + y + z = 1 
3x + y - 2z = 5 

(viii) X - y + 2z = 7 
3x + 4y - 5z = -5 
2x- y + 3z=12 


5. Solve the following system of homogeneous equations: 


(i) 2x + 3y - z = 0 


(ii) 3x + y - 2z = (1 

X- y-2z = 0 


X + y + z - 0 

3x + y + 3z = 0 


X - 2 y + z = 0 

(lii) X + y - 22 = 0 


(iv) 2x ~ 7y - 6 z = 0 

2x + y - 3z = 0 


3x + 5y - 2z = 0 

5x + 4y - 9z = 0 


4x - 2y - 7z = 0 

(v) X + y - 2 = 0 


(iv) 3x + 2-v + 72 = 1) 

X - 2 y + 2 = 0 


4x-3v- 2z = 0 

3x + 6 y - 5z = 0 


5x + 9v + 23z = 0 

LetA = r 3 2 ' 

and B = 

r 6 7 1 

7 5 

8 . 1 


Verify that (A B)-'- = fl-' A-' 


7 Show that if A and B are invertible square matrices oi the same order, then A B is also 
invertible and (A B)-^ = B-^ A-‘ 
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FUNCTIONS, LIMITS AND CONTINUITY 

2.1 Real Functions 

IN THE FIRST three sections of this chapter, we recall some concepts that you already know. 
These arc . functions, domain, range, graphs of real-valued functions, composition of functions, 
etc. 

Function . A function/ from a set 5 to a set T associates, to each element .x in 5, a unique 
element/ (x) in T. We say that S is tlie domain of/and T is the codomain of/. We use the 
notauon / ■ 5 -> T 

If to each x in S, more than one clement in 7’are associated, we do not have a function, 
(Though sometimes it is called a multivalued-function, we agree not to call it a function.) 

Real Function In this course, we do not require general sets S and T. We take both of them 
to be subsets of R. Here R denotes the set of all real numbers. We call such functions, whose 
values are real numbers, as real-valued functions, or in short as real functions 

Remark 

In general, a (unction / . R -a R need not be given by a formula However, in this course, 
most of the funcuons tliat we consider, arc given in such a form or rule that is easily described. 

Examples of Real Functions : Now we give plenty of examples. These examples will be 
frequently met with throughout calculus. 

Value of a function . Let x be an clement in the domain 5 of a function / The element in 
T tliat is associated to x by/ is denoted by/(x) It is called the value of/ at x. We also say 
that / takes the value oif^x) at x. 

Range • The range of/is the set of all values Liken by/ It is a subset of the codomain T. 
It may or may not be the whole of 7’, In iJic case of real functions given by a formiila/Jj:), 
unless the domain is explicitly stated, wc shall consider the set of all real numbers x for which 
f{x) is defined, as the domain of /. 

(1) Constant Functions I-ct a be a fixed real number. Consider the function that associates 
to each real number j:, tins fixed number a. Then this function is called a constant function 
from R to R, Sometimes wc denote this con.siant function eiiJicr by 

f{x) = a for all X in R 

or more briefly, by f (x) = a or even more briefly by die constant function a. 
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There are as many constant functions as there arc real numbers. 

The domain of the constant function a is evidently R and the range is ( a ). 

(2) Identity Function The function that associates to each real number x the .same number 
:c. is called the identity function from R to R. We denote this function cither by writing 

f{x) = X for all Jt in R 

or more briefly, by/(:t) = jc or even more briefly as the function x. 

The domain of the identity function is evidently R and its range is also R. 

(3) Polynomial Functions . Consider the polynomial expression Ix^ - 5x^ + 2x-7. For each 
real number o, this associates the number 2 o’ - 5o^ + 2fl - 7, got by substituting a for x. 
We say that this is a polynomial function- We write p{x)=2x^ — StP"+2x — l. Similarly, 

f{x) =x* + ^x, 

Six) = -^ + x-x? 

etc, are also polynomial functions. 

1 

But + 2x is not a polynomial, 

The domain of the polynomial function is R. 

I 

(4) Reciprocal Function : If a is a non-zero real number, ~is called t/ic reciprocal of a, 
The reciprocal of zero is not defined. The function that associates to cadi non-zero real niiinlxir, 
Its reciprocal, is denoted by ■ Unlike the previous llirec examples, the domain of this 
function is not R. Here the domain is R - ( 0). 


(5) Exponential Function • You have seen in the previous class that the scilcs 

has the sum e* 

The function that associates this number e* to each real number x, is called the exponential 
function, and is denoted merely by eA In later sections, we need the following properties of 
this function. 

gx+y _ g* gj Pgj. all ^ Jn R, 
e* is always positive. 

e-’‘ = L. 

The domain of the exponential function c* is R. 

(6) Logarithmic Function ; You have studied that log x Is that number y such that e’'=Jc. 
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Here e is ihc sum of 1 + 4-^ + -i- + .. + J— + 

1 ! 2! nl 

log X IS defined only when x is positive. The function that associates log x to .r is called the 
logarithmic function. Its domain is the set of positive real numbers. 

Tlie following properties will be used later : 
log 1 = 0 

log {xy) = log X + log y 
I = X, 

(7) Rational Functions . Consider an expression, that is, the quotient of two polynomial 
expressions For example. 


x3 - 5x + 3 
x^-l 

- 5a + 3 

Tliis gives the function that associates to each real number a, the value- 

— 1 

with the exception of those a, for which the denominator (a^ - 1) becomes zero. In this 

' . . 1 X 4- 1 

example, the domain of the function is R - ( - 1, 1 ). Similarly, ^ 

also rational functions, The domain of a rational function is usually of the form R-a suitable 
finite set. The domain may be different-for different rational functions. 


(8) Modulus Function .■ For each real numberx, let lx I denote the absolute value of x. This is, 


1 x1 = 


The domain of I x I is R. 


X if X is ^ 0 
-X if X < 0 


(9) Trigonometric Functions : The function that associates the number sin x to each number 
X, is called the sine function. Here x is the radian-measure of an angle. In Trigonomehy in 
the last class, you have studied that the following properties hold : 

The value of sin x always lies between -1 and 1. 

sin (x + 2 7u) = sm x for all x in R. 


sin 0 = 0; sin ^ ^ ; sin ~ = ; sin ^ = fl 

sin (x + n) = - sin x for all x m R. 

Simiiarly, we have other trigonometric functions cos x, tan x,\ot x, sec x and cosec x. 
You must note that their domains are not the same. 
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For the sine and cosine functions, the domain is R, 

For the function tan x, the domain is R - {(2n + 1) ’■ n is an integer]. 

Many formulas from Tngonometry, such as sin ( ^ + x) = cos x, sin^ x + cox^ x = 1, etc. 
will be used in the following sections. 

(10) Square root functions : If x is a positive real number, we know that there arc two square 
roots for X, of which one is positive. If we associate only the positive square root, then we 
get a'function. We denote this function by Vx. Its domain is the set of all non-ncgative real 
numbers. 

(11) The greatest integer function : If x is a real number, we denote by [x], the greatest integer 
not exceeding x. For example, [ ^ ] = 2 and [ -] = -3. Then the association of [x] to 
X is a real function on R. 

What IS the range of the greatest integer function? 

(12) Inverse Trigonometric Functions : In the previous class you studied inverse trigonometric 
functions such as sin-‘x, cos-'x, etc. These inverse functions, as you already know, are real 
functions The domain and range (confining only to Principal values) of the inver.se 
tngonometric functions are as stated below ■ 


Function 

Domain 

Range 

Definition of the Function 

sin'^x 

[-1,1] 

r It 1 

'■ 2 2^ 

y sin'^x => X = sm y 

cos~'x 

[-1, 1] 

[0,71] 

y - cos"'x => X = cos y 

tan"'x 

(-“,«) 

r —TT, 7C 1 
^ 2 1' 

y = tan-'x => X = tan y 

cor'x 

(-,«) 

(0,71) 

y = cot-'x => X = cot y 


Note ; Read that [-1,1] is the closed interval whose end points are -1 and 1. In general, 
the closed interval [a, b] is the set (x 6 R: a ^ x 5 fi), The open interval with end points 
a and h is denoted by (a, b). In other words, (o, b) = ( x g R ; a < x < b ). We have also 
intervals which are closed at only one end point. 

For example, (a, 6 ] = [ x g R ; a x S b ) 
and[a, b)= (xg R:aSx<b). 

Remark 

It is not possible to list all real functions. Some important ones among thcin have been 
mentioned in the above twelve examples. In section 2.3, methods of combining known functions 
to define new functions, will be described. By these methods, we arrive at a fairly large cla.ss 
of functions. Some more functions will be introduced as and when required. 
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EXERCISE 2.1 


1. What is the domain of the function -? 

jc2-3x + 2 

2. What is Ihe domain of llie function coscc x 7 

3. How do we define tan'^ x ? 

4. What are all the real numbers x such that [x] = 2 ? 

5. What are all the values taken by the funcuon 1x1? 

6 . What is the range of the constant function 1 ? 

7. What is the domain of sin-' 2x 7 

8 . What IS the domain of cos"' (3x - 1) ? 

sin-'x 

9. What is the domain of-? 

X 

10, What is the domain of tan-' (2x + 1) ? 

2.2 Graphs of Real Functions 

You have already seen in the earlier class how to draw graphs of real functions defined on 
an interval Now we quickly recall the graphs of some important funcuons, 

1 The graph of tlic constant function 1 is drawn in Fig. 2,1 : 


y 



Fig. 2.1 

We observe how the graph reflecLs some properties of the function. 
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It IS a line parallel to j:-axis 
It is above llie x-axis 
It IS at a distance 1 ftom tlie x-axis 

Fig- 2.2). We observe the following ; 


y 



Fig. 2.2 


Properties of the graph 

Properties of the function 

It is a straight line 

It passes through origin 

It is of die form mx + c 
c = 0; that is,tlic value of the function 
at 0 is 0. 

Its slope is 1 

m = 1 


3. The graph of the function jc? is a parabola (Fig 2.3) whose vertex is at the origin and 
whose axis coincides with the y-axis. 



Properties of the graph 

It IS a parabola 

It is above the A;-axis 

It passes through origin 

It is symmetric with respect to y-axis 


Properties of the function 

It is a quadratip polynomial 
Only non-negative values arc taken 
Tlic value at 0 is 0 
It IS an even function, tliai is, 
f(rx) =Kx) for all ;c 
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4 . me gteph of the e -« shown below a ,n Fig, 2.5 



We observe the following : 


FropeTiies of the graph 

Properties of the function 

As we see from left to right, the graph 
goes on rising above 

It is fully above the x:-axis. 

In the second quadrant the graph 
comes nearer and nearer the jc-^is but 
never touches it. 

(We say that it is asymptotic to the 
x-axis). 

It is an increasing function 

All values taken arc positive 

In the sense to be explainal in § 3.7, 
lim e* =» 0 

5. The graph of the logarithmic function logx is given in Fig, 2.6 . 

We observe the following : 
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Properties of the graph 

Properties of the function 

It IS completely on the right side 

The domain is the set of positive 

of the y-axis 

real numbers. 

As we see from left to right the 

The function is increasing. 

graph rises above 


The left most part of the graph is 

lim log X = - « 

coming nearer and nearer to the y-axis, 

x->0 

but never meets it. (It is asymptotic to 


the y-axts) 



6 . The graph of ihe sine functiontSin x is drawn in Fig. 2.7 below . 
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We observe the following . 


Properties of the graph 

axis 

of distance ion each ^ 

The same pattern repeats m intervals 
of equal length _ 

It passes through the origin_ 


1 ^ sin X ^ 1 ^ 

The function is periodic with period 2 it 

sin (x + 2 It) = 510 2 : for alU 
sin 0 = 0 __ 


7 . Tte grapk of lh« /«■"»» e" 

y 



We observe tlie following ' 

Properties of the graph 

It is symmetric with respect to y-axis 


Properties of the funcMon 

It is an even function liccau've 
cos(- 2 :) = cos X lor all x. 


It looks hke the graph of the sine 
function, the only difference being 
that it IS shifted in the direction of the 
X-axis 


It is related to the sine function 
by the rule 

sin (X + ) == cos X for all x 


8 . The graph of the function tan x is drawn in Fig, 2,9. 
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y 



We observe the following ■ 


Properties of the graph 

Properties of the function 

It is made up of several pieces 

All odd multiples of —are outside the 
domain 

Same paltcm repeats again and again 

It is periodic with period 7t 
tan (jt + 7i) = tan X for all x 

Each piece is asymptotic to a vertical 

lim tan X = « and 

line, one on the left and another on llie 

lim tan X - 

right 



9 The graph of ihe modulus function, I j: I , consisls of two rays slarting from ihe origin 
as shown in Fig, 2.10. 
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observe the following : _ 

Properties of the graph __ 

It is symmetric with respect to )^-aws 

It is fully above the ic-axis 
In the first quadrant, it coincides 
with the graph of the idendty funcUon 


Properties of thefuncti^ __ 

It is an even function because 1-x 1*1x1 
for all X 

All values taken are non-negative 
1 X 1 = X for all X £ 0 


10. The graph of the greatest integer function, [x], is shown in Fig. 2.11 below. 




Fig. 2.11 
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We observe the foUowmg : 

Properties of the graph 

Properties of the function 

It consists of many broken pieces 

Each piece coincides with the graph 
of a constant function 

The graph lies within the first and 
third quadrants 

It is not continuoas 

On each interval [n, n + 1], the 
function takes the constant value n 

X and [x] have same sign for 
allx 


Remark 

We have thus seen how the graph of a function reflects some of the important properties of 
the function. We have deliberately mentioned .some properties involving limits that are to 
be studied in later sections. You are advised to skip them now, but read them after studying 
the relevant sections. 

The theorems of differential calculus will be later seen to be helpful in sketching the 
graphs of functions. 


EXERCISE 2.2 


1. Draw the graph of the function 1-x. 

2. Draw the graph of the function L. 

If the graph of a function does not meet the first and third quadrants, what s the 
corresponding property of that function? 

4. If a function/has the property lhaiyi;i + x) -/(I - x) for all x, how is this property reflected 
in its graph? 

5. If f and g are two functions such that f{x) 5 g(x) for all x, how is lliis prcqpcrty 
reflected in the graphs of these two functions? 

2.3 Operations on Real Functions 

In this section, we see how 

two real functions can be added, 
two real functions can be multiplied, 
a real function can be multiplied by a number, 
two real functi^s can be composed 
and some real functions have inverses. 

Sum : Let/. X -> R and g ; X -> R be two real functions on a set X. Then wc define their 

sum/ + g as that function fimm X to R which takes x in X to the number/(i) + g (x), In Wlw 

words, • 

> 4 
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W=y(Jc) + gW for all X in X. 


nZ\»i »• P™”'- * “ *■ 

Roughly speaking, this means, 

. ® value of the sum at a: = sum of the values at x , , r l whirh 

Rr e»pte, Ite « »t ‘"P > -P I ' I- 

can be alternately described as 




2x if 0 
Oifx<0 


Prod.c< ■ Simfcly me producl of Iwo tefons, i, al» doliood poinmiso by rule 
(fg) (x) = Jix). gW fot all 

For example, the product of the idcndly funcuon with itself is the function 

/ nH fn arp defined onlv when / and g arc real functions having llic same domain. In 
* h«X™d 0 « L dete «r 0 .d pp.dua fo, .hose p«,.u 

X that are in the domains of both / and g. 

Multiplication by a number: . , v r. 

Let/ ■ X R be a funcUon ahdlct c be a real number. Then we define llie function r/ ; X R 

by the rule 

(cf) (x) = cf(x) for all x in X. 

For example, the greatest integer funcUon [x] when multiplied by 2 gives die funcUon 2 [x] 
whose value at any point is 2 times an integer. 

Remark 

Note that these operations are defined here only for real functions. For general functions from 
one set to another, these do not make sense. 


Composition . 

Suppose/and g are two functiohs such that the domain of/includes all clcmcnus of the form 
g(x), where x is in the domain X of g. Then it makes sense to Ulk of Ag(x) for cacli x in 
X, This/(g(x) is a unique element associated toX in this way. Thus it defines a function with 

domain X 

We denote this function hy fog and call it the composite of/ and g. In Other words,/og is 
defined by the rule 

(fog) (x) -fig{x)) for all x in X. 

For example, if/ R -> R is the function x^ and g ■ R -> R is the function sin x. then/og 
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is the'funclion sin x^, whereas gof is the function sin^ x. 

Remarks 

Note that fog is not always defined. For example, if / is the reciprocal function ^ and 

y is the constant function zero, then fog is not defined. This is because the domain of/ docs 
not include all the values taken by g. 

Even when both fog and gof are defined, they may not be equal. 

Inverse Let/' 5 -4 T be a function such that/takes distinct values at distinct points of 
f. Then / IS called an one-to-one function. Let the range of / be denoted by / {S). Then for 
each yin/ (S), there is one and only onejcm S such that/ (x) =y Thus we get a function from 
/(S) to S. We denote it by/”' and call it die inverse of/, 

Note that the domain of/"’ is the range of/and dial/"' (y) is that clemcnlj: such tliat/ (x) -y. 
Note also that for each x in 5,/-'(/(x)) = x and that for each y in S,/ {f' '(y)) - y. 
Tffollows that the inverse of/"' is/ In notation, if = /. 

As you can easily see the identity function is its own inverse. The inverse of the function 
x+1 IS die function x-1. The function o?- is not one-to-one, and so docs not have an inverse, 

Sometimes, wc restrict the domain of a function. For example, sin x has the domain R. But, 

we can consider it as a function from [ , 5- ] to R. when done so, it i.s an onc-lo-onc 

function. So, U has an inverse Wc call this as the function sin''x It is a function from [“I, 11 

to [ ^], 

Similarly, when x^ is restricted to the set of positive real numbers, it has an inverse, namely, 

^ X. 


EXERCISE 2.3 


1 Let/: R -) R be the identity function. What is fof 1. What is ff ? 

2. Let/bc die sine function tuid let g be the function 2x: what is fof 1. What is tjo;,' ?. An' 
these two the same ? 

3. Let/be the exponential function and let g be the logarithmic function. 

What is (/+g ) (1) ? 

What IS {fg ) (1) ? 

What IS {fog ) (1) ? 

What IS (2/) (1) ? 
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mI r«naion/-o, .. =am. a. te »l,on so «. 

5. Let f be any real function and let g be the func 

Then prove that go/is same as/+/. modulus function. 

6 . Let/ be the greatest integer function and g be the modulus 

Prove that (go/) (- |-) - (" 3") “ ^ n / 5 -ii 

7 . If / and g are as in the above problem, what is (go/) (3-) - (Tofi 3 - • 

8. If/ and g arc as m the above problem, what is (/"+ 2g) (-1) ? 


2.4 Limit of a Function 


Variable 

Consider the example of the function sin x. 

It is a function from R to R. 

When X = 0, Its value is 0. 

When X = ^ , Its value is 1 , and so on 

We say that x is a variable here, For each value of the variable x, there is a value of 
the function, 


Letxbe the variable and let obe a fixed number. Then we use the notation x 0 to mean that 

X tends to a 
or X approaches a. 

What we mean is that the variable x is taking values very close to the value a (but not a itself). 

Now, let/be a real function. When x takes values very close to a (and not exactly a), then 
the value/ (x) may or may not be very close to some number. In nolaUGn, as x-> a. it may 
(or may not) be true that /(x) I for some number /. If it so happens that as x a. 
/(x) - 1 1, then we say that I is the limit of/as x -> o. We denote this by 


lim / (x) = I. 
x~> a 

We also say that the limit of the functions at. a is I. 

When there is no such /, we say that lim / (x) does not exist or the limit at a docs not exist. 

Since the concept of limit is an abstract one, we present many concrete examples to illustrate 
it, The precise rigorous definiuon is, however, deferred to higher classes. 

We .start with the simplest kind of example. 
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Example 2.1 

Jim (2 + 3/i - 4/i^) = 2. This is because as -> 0, h is very close to zero, and, Lherefore, 

/i 0 

negligibly small, So, we omit the terms 3h and -4/i^ and write the limit as 2. 

Remark 

More generally, if p (/i) = Aq + (3 ,/i + + ... + h" is any polynomial, then 

lim p (/i) = Oq. 
h-) 0 

We use this in the other examples below ; 


Example 2 2 
Find lim x^. 

X ->1 

Solution 
Let X = I + h. 

Then ;t -> 1 when and only when /i -) 0. 

•. lim =lim (1 + h)^ 
h-iO 

=lim (1 + 2/1 + 

/i-> 0 


= 1 . 


Example 2.3 Find lim 

x->Q 


Solution 


j!zL 

x+2 


We find the limits separately for the numerator and the denominator, 

lim - (x + 2) = 2, 
jc 0 


Therefore, lim 
Jc ”+0 


x^-l 
x + 2 


In the next example, we sec that it is not always so simple. 


Example 2.4 

Find lim ^ ~ ^ . 

x->l x-l 
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„rtoa,e»roes S.n«2- „.nind«mmaP= to, 

w&nt, We resort to some other method. 


and the denominator, we sec that both 
tills mctJiod docs nut give die limit wc 


Put X = 1 + ^ ■ 

x^-l 


Then 


X- 1 


3/i + _ 3 + 3/} + 

= h 


. 2^1 = lim (3 + 3/i + a = 3 

■■ Ki x-l /i->0 
Another method : Using the formula 

jc3 _ 1 = (x - 1 ) (x^ + X + 1). wc have 


lim , 
X —) 1 


X- 1 


hm , (x^ + X + 1) 
X 1 

1 + 1 + 1 = 3 - 


Remark 

In all the above examples, you may have noQccd dial Uic liniu as x 
the value at a. 

In example 2.1, to ^(2 + 3h - 4/]^) = 2. 

The value at ft = 0 also 2, as seen by subsUluling h = 0, 

In example 2.2, lim x^ = 1- 


> fj has toincided with 


The value at x = 1 is = 1. 

In example 2.3, merely by susUiuling x = 0 in the cxpre.ssion . one gels 

td-1 = - ^ . This is the same as our answer for the liinii, 

It was only in Example 2.4 that mere sub.slUulioii po.wd some piohlcm, yielding 
IL. But by cancelling out the factor x - 1 that is common to both the immerator and the 
^nominator, we rewrite the function as x* + x + 1 and then observe that die Imm at 1 ts 
the same as the value at 1. 

This raises a pertinent question : 

Is the limit same as the value ? 
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Is same as /(a) 

X ->a 

It is not always so. 

In the previous examples. iL was so, because the functions were ‘nice’ functions 
The distinction between limit and value 

(a) The limit of a function at a point docs not depend on the value at that point It depends 
only on the values taken at nearby points. 

For example, for the function 

/(x)= lifx= 1 
= 0 if J Vi: 1, 

the value at 1 is 1, but the limit at 1 is 0. 

(b) When a function/ (x) is given by a formula, usually the value is obtained by substituting 
z = a in that formula, but the limit is not so. 


SomcLmcs / (a) may exist (that is, a is ia the domain of f), but lim / (x:) may not exist 
(Sec Example 2.9 below) 

Sometimes, lim / (x) may exist, but a may notbe in llie domain of f (SeeExample 2,6 below). 

Cl 

Sometimes, both lim / (jc) and/ (a) may exist, but may notbe equal. (See Example 2.5 below). 
x—^ a 

B ut such things happen only for functions that are not very interesting. In the next section, 
we shall define the notion of a continuous function and see that all polynomial functions and 
many other functions that are frequently encountered, are conanuous. It turns out that for 
these functions the limit and the value are the same at any point 

Example 2 J 

Let/: R R be defined by 


/W = 


X if X is an integer 
0 if x is not an integer. 


Find lim , j{x). Is it same as/(I)? 
Solution 


When X takes a value very close to 1 and different from 
Therefore, / (x!) remains as zero for all such values of x. 


then X is not an integer. 


Thus lim / (x) = 0. 
x--> 1 

But/(1 ) = 1, since 1 is an integer. 
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Remark the function f is not defined by a'nice'formula, but defined 

Note lhaun '*’® “‘"^ISess^itis a real function and faUs within the purview of our study 
:: 2 > was defmed in two pieces l^e diis. 


Example 2.6 

. 1 

Find lim „ X sin 
x-> 0 * 

Solution 

Note that, as it is. the function is not defined atx = 0. Nonetheless, the limit exists as x -> 0, 
Tliis is because, sin I- always Ues between -1 and 1. Therefore, x sin - lies always 
between -x and x So x sin ^ must be at least as close to 0 as x is. Therefore, as x -> 0, 
i sin ^ also lends to 0. In other words. Urn ^ x sm ^ * 0. 

The following fundamental facts about limits, will be freely used ; 


Urn ^ (/<x:) + g(x)) 
lim^ (c./(x)) 

Urn ^ (/■ (x) - g(x)) 
hm ^ (/(x)g(x)) 
hm^ (/"(gW) 




= lim . / (x) where h = 1 ini „ g W 
x-tb x-> a 


lim/(x) 

f(x) x-^a .. , \ 

lim - --’ provided lim g(x) ^ 0 . 

x-»a g(x) limg(x) x->o 

x-» a 


\ 


If Ax) S g(x) for aU X, then jim ^ f{x)i Un^ ^ g(x). 

Note : If/(x) < g (x) for all x, we cannot conclude that Un^ < Um^ ^ g(x); we can 
conclude only that 


lir^^/(x)5lm ^g(x). 

The first of these states that the limit of the sum of two functions is the same as the sum of 
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the limits. It must, however, be remarked that these equalities hold only when the concerned 
limits exist. For instance, it may happen that left side limit exists, but the right side limits 
do not exist (See example 2.8 below). 

Similar remarks hold for each of these facts about limits. 

Example 2.7 


Find lim 
x ->2 


jc*-16 x^-9 

x^-4 x-i 


Solution 


x8-l6 

(x4-4) • 

x^-4 

x^-4 

= 

+4 

:. lim 

x"-16 

x->2 - 


x<-4 

Similarly, 

.-. lim 

x^-9 

x 2 

x-3 

lim 

x-i2 

x*-16 

x^-4 


lim (x4 + 4) = 2'* + 4 = 20. 
x-^2 


= 5 


jp-9 


x-3 


= 20 + 5 = 25. 


Example 2.8 


Find hm 

X-) 1 


1 1 


Solution 
The function 


X - 1 


does not have any real number as limit at 1. So is the function ■ Bui 


the sum —^ + , - ■ is same as the zero function. Therefore, its limit at 1 is zero. 

X - 1 I -X 

Example 2.9 

Find lim [x]. 

3 

Solution 

The numbers 3.01,3.002,2.99,2.998 are very close to 3, If we take the values at these points, 
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(ft 0 Mnt all of them are close to 3. Not all 

ta, m 33,U Nil »« °2|’™mter''rThi! limit tes mt exist (See section 2.8 for more 
of them are close to any real number a. 

details). 

luminary of Methods to find limits at a 

TpolU.^ funenons, ra— funcOons, trijonometHc fenctons, etc., we proceed as 

follows 


( 1 ) 

( 2 ) 

(3) 


Take Ihe value at u. If it is not mdetemmaie, ,1 is the limit at n. This will be justified 
in a latter chapter, 

1 ► iKo Pftmmnn factor ill ihc numcratof and the 

If it is indeterminate, cancel out the common lactor 

denominator and then take the value at a. 

(Example; Problems 5 and 9 m Exercise 2.4). 

Or expand the products, simplify, and take the value at a. 

(Example : Problem 8 in Exercise 2.4) 

(4) Sometimes conjugate surds can be used to simplify, and then the value at o may be taken. 
(Example ; Problem 10 in Exercise 2.4). 

(5) Some standard formulas for finding limits can be applied. 

(See Section 2 5, 2.6 and 2.9) 

The following result on limits will be very useful later. 

Theorem 21 . 

Let/ g ft be three real functions on the same domain. Let/(x:) ^ gW ^ ^ ^ 

W-hu, /.Cx) exTSt und arc u,uul,lhcn im ,(x) also crisis .mil 
x^a x^a 

is equal to the limit of fix) (or ft(x)). 

Explanation 

If a funedon is between two other functions known to have the same limits at a, then this 
function also has the same limit at a. 

Remark 

Though the proof is not drfncult, we omit the proof However, the result is important timl 
Will be used in section 2.6 and 2,9 to evaluate some important limits. 
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EXERCISE 2.4 

Evaluate the following limits ; 


1. 

hm 

X —^ 1 

(x-l>2 + 5 

2, 

lim 

X-* 0 

(x-l)2 + 5 


lim 

x->l 

X- 1 


3. 

X + 1 



lim 

x2- 1 


4 

x-> 1 

X- 1 



lim 

X2- 1 


5, 

X—>-l 

X + 1 


6. 

lim 
X— > 3 

i^-9) 

1 1 
- + - 

X + 3 X - 3 

7. 

lim 

X -1 0 

ax+ b 
CX + d 


B. 

lim 

X -> 0 

(1 + x)«- 1 
(1 + x)^ 1 


lim 

X 0 

x^ ~ 3x3 + 2 

9. 

x3-5x^ 3x+ 1 


lim 

x^ 

-4 

10. 



X —^ 2 

V 3x-2 

- V X + 2 


2.5 A Special Limit 

In this section we prove the formula 


X- a 


and apply this to find limits of similar nature. 
Theorem 2 2 

Let n be any positive integer, Then 
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X" - a" 

lim -- = ^ 

x-^ a x-a 

We give two proofs of this theorem 
First Proof :?atx = a + h. Then 


jt"- a" 
x-a 


(a + hy- a" 
a + h-a 


1 

H 


(a + hy 


= jr [ a" + (^)a"-i/i + .. + /i"-fl"] 


(by Bmomial Theorem) 


= i [ (^) A + ( 5 ) + ■ ■ + A" ] 

= (5[)a"-‘ + (5)fl"-^A + ... +A"-l 

lira _ lim {a + hY-a'' 

x-*a x-a ~ A->0 (a + A) - a 


= lim [ (”) fl*-'+ (!}) A + ... +A"-'] 
A->0 1 ^ 

= (;).-! 

= n a""'. 


Second Proof: We have the formula 

- a" = (X- fl ) (jc»-i + a ;t ’'-^+ + ... + 0 '"^ X + o'*). 

(This can be proved easily. Just multiply the right side and see that many terms cancel each 
Ollier, and what remains is a;" - a"). 

Tlicrcforc, - —= jc" "* + a ;ic" + ...+ a’^'^x + a^’ 

x-a 


Ijjp, jr" - o" = lim [ ii""^ + a x"■* + oVa"“^ jc + a"] 
]C-> a 


Jt->a 


:t-a 
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= a"“* + fl""' + a""‘ +...+ a"“' (n terms) 


= n a'’~K 

Remark 

In the above theorem, we assumed that n is a positive integer. The formula remains true, when 
n is a positive rauonal number, (for mstance -i- ) and if a is positive. 

A 

Here, why do we assume that a is positive ? It is because, if a were negative, a i 


is not defined except when is an integer. For instance, (- 1 )^ is not defined. (Note : Wo 

are considering only real numbers in this course, not complex numbers). 

It IS now natural to ask whether the formula remains true even when ^ is negative, The 
answer is affirmative. ^ 


Thus we have 

lim - =na'^‘ 

X— x-a 


holds for all rational numbers n, provided either a is positive, or n is an integer. 
We omit the proof of this. But we use this result in later sections also. 

Example 2.10 

Evaluate lim 

x -)2 x^-4 


Solution 


First Method : We use the formula 


lim 

x->a 


x*-a* 

x-a 


x3-8 

lim - 

x->2 x^-4 


I x^-8 j*-4 ^ 

= lim I - + - 1 

x->2 y x-2 x-2 j 

xP-23 jc*-2* 

= lim - + lim - 

x -»2 j -2 x ->2 x -2 


- 3(2)^ -f 2(2) 
= 12+4 
= 3. 


= nn*-’ • 


Second Method : The numerator and the denominator have a common factor, x- 2. Cancelling 
this, 
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lim 

x->2 


x^-8 

x^-4 


x^-8 x^+2x + 4 

x^-A j: + 2 
2^ 4-2(2)+ 4 __ J2 
2 + 2 " 4 


3. 


Example 2.11 


Find 


liiTi 

x->0 


Vl+x-1 

X 


Solution 

Put>i = l+j: Then 


lim 

x-*Q 


Vi+jf-1 


= lim 
y—> 1 


{y-l (because as jc—> 0 , y-> 1 ) 

y-T 


lim 

y->l 


i_ i. 

y2 -12 

y-1 " 


; i_ r 2 = -i- • 
2 2 


EXERCISE 2.5 


(l + 2:)"-l 

1. Show that lim --— ”■ 

jc->0 X 


2. Find lim„ 
x->0 


^ l+x-’J 1-J 


3. Find lim 


1-x 3 


x^l 1 -x 3 


X3+ 1 

4 Evaluate lim —- 
x->-l x+1 


x’ + a’ 

5. If lim - 

x-»a x+fl 


= 9, find all possible values of a. 
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;C*_1 x^-k^ 

6 If lim -= lim, ■ , find the value of L 

jc* “ 2* 

^ If -- 80 and if n is a positive integer, find n. 

x->2 x-l 

5 _ 5 _ 

8. Evaluate lim (x + 2) 3 - (a + 2) 3 

x->a - 

x-a 

2.6 Some Trigonometric Limits 

In this section, we find the limits of some trigonomctic functions at some points. Mainly, 

we prove lim =>= 1. Then wc apply this to do some more exercises on limil.s, 

0^0 ® 


Theorem 2 3 

lim sin 0 = 0 
0^0 

and lim cos 0 = 1. 

0^0 

Proof ■ Draw a right-angled tnanglc ABC 
where Z A = 9 and Z 5 is a richt anele 
(Fig, 2.12). Then sin 9 = and cos 0 = 




Fig. 2.12 

Now, imagine that 9 becomes smaller and smaller; keep llie side AB fixed; vary C alone on 
the same line BC, bringing it nearer and nearer to B. Wc find that if 0 is very .small, then 

AC IS very close to AB and further BC is very small. Therefore, as 9 —) approachc.s 

AB 

0 and approaches 1, Therefore, as 0 0 sin 0 and cos 0 —> 1. 
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rr™ -«--- 

Theorem 2.4 

lim sinj^ v^hcn 0 is measured in radians. 

e->o 0 

TL tad Ihc UmiB for Iho nonroralor md donoormomt sopm^ly. wo end up wiU, iho 
|L«“daB form So wo noed .oortar urorhod of t.ndrng ,h,o Irmu. 


Proof 


sin 6 always lies between cos 6 and 1, 
First we prove that —^ 


Since, sin (-0) _ sin 6 
-0 0 

and cos (-0) = cos 0, 

It is enough to prove this for positive values of 0. 



Fig. 2.13 

ill the figure 2,13, OAB is a tnangl6 with ZO = 0 radians and 4iA = 90". Take a point C on 
die hypotenuse OB such that OC = OA. Draw a line CD parallel to AD meeting OA al£». Draw 
the circle with centre 0 and radius OA and note that it passes through C, because 0>4 = OC, 

Now, area of AO/\C< area of sector 0AC < area of AOAB 
This gives ' , i i 

-L OA.CD < ^OAfQ<Y 

This implies 


CD<OA.B<.AB. 


Noting that CD = OC sin 6 = OA sin 0 
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and j 4B = OA Ian 0, we get 
OA Sin 0 < OA.6 < OA tan 0 

and, therefore, sin 0 < 0 < tan 0 ■ 

Now dividing by the positive quantity sin 0, we gel 

e 1 

1 <-< -■ 

sin0 COS0 

sin 0 


Taking reciprocals, we have. 


1 > 


0 


> cos 0. 


Having proved this inequality, we turn to our problem on limits. Taking limits as 9 -v 0, we get 


lim„ 1 ^ lim 


sm0 


^ lim cos 0. 


0->o e_>o 0 " e^‘o 


(See Section 3.4 where we have stated that iCf{x)<8(_x) for all x,tlicn 

lim f{x) ^ lim six) ) 
x-^a x~*a 

We already know that lim 1 = 1 and lim cos 0 = 1 (by previous theorem). 

0—)0 0—)0 

sin 0 

Therefore, hm - lies between 1 and 1 

0-lO 0 

limit has to be equal to 1. 

lim sin0 

...0_^O-= 1. 

0 


Remark 

It is important'to note here that the real number 0 is the measure of the angle in radians. 
Otherwise, the limit may not be 1. 

Example 2 12 


Find lim 


sin 20 


0->O sin 30 


Solution 


lim 

sin 20 

lim 

sm 20 

20 

30 

o 

t 

CD 

sin 30 

0^0 

20 

.10 

sm 39 


lim 


■ 2 • 


[ lim 

20-^0 20 


• 3 


L 30->0 30 
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Example 213 

Find lim (sec j:-tan Jt). 

TT 

- 

2 


Solution 


K 

Put>= --X. 

So, as^ , y->0 
lim (secjc-tanx) 

2 


lim 

)i->0 



_ Uill 
> 0 

= Lm 


sin y 


2 sin^ ^ 


)’-)0 2 sin ^ . cos ^ 


= lim 
>->0 


sin 




cos 




= 0+1 

= 0 , 
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EXERCISE 2.6 


Evaluate the hmits in Problems 1 to 8 : 
1. lim 1-cos 40 
6->0 1-cos 50 ' 


2. 

lim 1 

0->O 1 

-cos mQ 

-cos n0 

(Here m and n are fixed non-zero real numbers) 

3. 

lim 

sin a0 

(Here a and b arc fixed non-zero real number) 


0-^0 

sin bQ 

4 

lim tan 0 



0->O 

0 


5. 

lim 0 cosec 0 



0^0 



6. 

hm 

cot 0 



9-.f 

f-G 


7. 

lim 

1-COS0 



9^0 

0 


8 

lim 

1 -cos 0 



0->O“ 

0^ 


9. 

1 

If lim kQ cosccO 
9 h*0 

= lim 0 CO.SCC A.0, prove tliai k must Iw i 1. 

0-^0 

10. If 0 IS measured in degrees (not in radiams), tlicn what i.s lim 

0~>() u 

2.7 Limits at Infinity and Infinite Limits 


In this section we explain the notations x—y^,x~-i - >», ant) mcihotls of finding the limits 
of a function of as .t —> oa or as a: —> — m. 

Notation 


The symbol x-yoo will be used to mean that x Uikes very large values. 

Example 2.14 

Let fix) = — ■ 

Ixl 

Then as x becomes very small in magnitude,y(x) becomes very large. We can say this 
using our notations as follows ; 

1 

As X —y 0, — oo * 

,,, , IjcI 

We also write this as 
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Note »» ajam .hat symbol - when i. stands alono. has boon given no moaning. It Is 

not a number. Still (2.1) has a meaning. It means t when X. is very close to 0,— is 

very large. 

Example 2.15 

lim -L = 0. As jc becomes very large, i “ very close to 0. 

Example 2.16 

As X becomes large, we know that x^ also becomes large. We write this in the form . 

as -> «■ or in the form : lim jc^ = 

x-^°° 


Example 2.17 
What is lim sin x ? 

Solution 

For large values of x, what is the value that sin x approaches ? 

It is not becoming very large, because sin x never exceeds 1. 

When X takes the values, n. In, 3it, .. nn, ,. 
even for large values of n, sin x becomes 0. 

n 

On the other hand, sin (2nit+ — ) = 1 even for large values of n. 

2 

Therefore, there is no definite quantity to which sin x approaches, as x becomes large, 
hm sin X docs not exist. 

X-A M 


Remark 


I 

One method to calculate limits at is to use the substitution y~ — and tlicn take the 
limit at 0, as shown in the following example ; ^ 

Example 2.18 


Find lim - 

j:+], 
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Solution 





x-1 


1-X 

1 


1 ins 

X 

lim 


”” JlUil 


X^oa 

Xfl 

X-^oo 

1+ ^ 


' 1 

= Urn - , where> = — 

y-*U l + y 

1-0 

" 1 + 0 

Notation 

The symbol x-i- °° will be used lo mean that j is a negailvc number having a large 
magnitude, lim fix) = a means if x is die negative of a large quantity, llicny(x) is close to a. 
X->- 

Example 219 
Wliat is lim e‘ 1 

X-)- 0 ° 

Solution 

Puty--x, 

Then as - M, y -> M. 

lim e** lim e+ 

y-)M 

but, for all positive y, we have 1 +y. 

1 1 

Thus, ir^ = — 5- 

1 + y 

Since, lim 1 

y_ 4 M—-=0, we have hm eJ’-O- 
1+y y->M 

lim (?' = C. 
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EXERCISE 2.7 


1 

1. Find Jim — . 


1 


2. Evaluatq Inn 

k 

X- 1 

3. Prove that lim - 

x—>°° ^ 

xP'+ax + b , , , r . I 

4 Prove that lim —-is a number independent of a, b, p ana q. 

jc-iM x^+px + q 

(i.e. It IS the same number, even when a, b, p, q are changed) 

5 Prove that 1 

hm -= 

6. What is lim e"' 

ax + b , „ 

7. It IS given that f{x) = - > 1™ /w = 2 

^+1 x^O 

and lim f(x) = 1. Prove that/(-2) = 0. 


8. Find lim 


(3x-1)(4j:-2) 


(x+8)(x-l) 


9, Prove that lira (Vx^+x+ 1-x) ^ lim (Vx^+ 1-x) 
x^°° x—)°° 


2.8 One-Sided Limits 

In this section, we explain the notations 
x-ia+ andx—>a- 

and discuss the relauon between these onc-sided limits, with the limits that wc already know, 
Notation 

Let fl be a real number. Recall that x—) a means x lakes a value very close to a, 

Then the values taken by x can be on eillicr side of a. 

They may be greater than a or less than a, but lue near a. 

Now we introduce the notation x —) a + to mean that x takes values near a and greater 
than a 
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rhe notation j -> a - on the other hand means that x takes values near a and less than a. 
F.r/u nple 220 

1 

As x->0+ ,- 

X 

1 

Tliis means' As x lakes very small positive values, — takes very large values. 

X 

1 

It is not true that as jc-> 0,-»oo. Because, when jc takes negative values close to 0, then 

X 

1 1 

— is negative and, therefore, not large. In fact asx-»0-,->-». 

X X 


Example 221 
Prove that 


and 


lim 

x->0 + 
lim 

x->0 - 


Solution 
When X takes 



= 1 


positive values. 


X 

ixi 


is 1. 


When X takes negative values, — = —=-l. 

Ixl -X 


Therefore, 


lim —= 
x-»0 + Ixl 


1 


and X 

lim — 
X ■—> O '" ^^1 


= -l. 


Left limits and Right limits 
lim _/^) is called the right limit of / at a, 

X->fl+ 

lim f[x) is called the left limit of / at a. 
x-*a- 

Bolh these arc called the limit off at a. 
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lim fix) IS called the limit of/at a, 

Theorem 2J . , 

F„,. ,0.1 func..on/.nd a real naaibcr «, (he MowmB are cqm.alcnl, 

(a) lim fOi) = ^ 
x^a 

(b) Urn = 
x^a+ 

Proof: 

lim fix) = « means: 

is very close to a (no maLler whether greater than a or less dian a), Ax) is close to ». 
This means two things: 

If is close to a and greater than a. then Ax) « close to « and if a: is close to a and less 

than a, then Ax) is close to «. 

In other words, lim Ax)-°°~ 

x^a+ x->cj- 

Corollary 

If lim fix)* lim the" lim/t) docs not exist, 
x-)a+ x^a- x~)a 

This corollary gives a useful way to prove the nonexistence of limits. If we prove that the 
right limit at a point is different from the left limit at that point, then the function docs not 
have a limit at that point, ^ 

For oMioplo. w« ta»« ■nroniy ^ ““ tuocUoo— to ittoroot led and rigbl 

limits at (5. Therefore, 


X 

lim — does not exist. 
x-)0 1x1 

Remark 

If a function is considered only on an internal the one sided limits at t)ie end points of the 
interval, will be called (for convenience) as the limits at these end points, 

Example 2.22 

Prove that lim [x] does not exist. 
x-> 1 
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Solution 

We first note lhat lim [ j:] = 1 This is because if x is close to 1 and greater than 1 (for 
jc 1 + 

instance 1.01, 1.002 etc.), then [jc] = 1. 

Next we note lhat litn [ j: ] = 0. This is because if x is close to 1 and less than 1 (forinsiancc 

.X —> 1 “ 

0 99, 0.998 etc,), then [x] = 0. 

Thus the left limit at 1 and the right limit at 1 arc unequal for the function [x]. 

Therefore, at lim [x] does not exist. 
x-^1 


EXERCISE 2.8 


1. Find lira [x] 
5 

X-) — 

2 


2. Find X X 

Inn-Is it equal to lira — ? 

x->3+ [x] x~)3- [x] 

3. If/is a real function such that/(x)=:/(-x) for all X, ihcn prove lhat lim y(x) = lim f[x) 

x~^0+ x-^0- 

whenever they exist. (Such functions are called even functions). 

4. If / is an odd function and if lim y(x) cxisls, prove lhat this limit must be zero. 

x->0+ 

(‘/is odd’ means/(-x) = "/(x) for allx) 


2.9 Some Important Limits 
Theorem 2.6 

Prove that hm /(-x)= Um J{x). 

X-40+ x->0- 


Proof: Let y=-x. 

Then as x -> 0-, y -> 0+. 


Um f{x)^ lim f{-y) 
x->0- y-F0+ 

= lim y(-x) 
x->CH- 


(by merely changing the variable throughout) 
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lic-Sl+ — for all X such that 0:SxSi. 


X 

Proof : We know «* = I'*' 21^" 


i»ariu £* = 1 + a positive quantity. 

If X is positive, clearly. fn^- if x S 0 2 i ■ 


Also , , 

1 + _) 

l + ex =l+J=(^'‘' ^ ''' 21 


X ^ ^ + 

4 . - + - + • 

= 1+^+ T 21 3! 


21+X+ —r + 


i. * ^ . --■■ 
11 21 5' 


X ^ 

=x+(i+ -j + Y 

(Since x^x" whenever OSxSl) 


=x + e* 

S e* (Since x is positive) 


Hence. + ah ^ ihalOSxSl. 

Theorem 2.8 

lim e'=l. 
x->0 


Proof: 

From Theorem 2.7, we have 1 S c* S 1 + ex 
Taking limits as x->0+, we have 


for all X such that OSxS 1. 


lim 

X -> &+• 


lim c* ^ litn ^ (1 + ex) 

jc —> 0+ 1 —> 0+ 
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lim 1 = 1 and lim (1 + ex) =1, 

X —> CM- X ^ 0-t- 

Therefore, lim e* = 1. 

X—> Oh- 

Again, we have from Theorem 2.6 

lim f(-x) = lim f(x) . 

X— >0-H X— >0- 

Taking f{x) = e', we have 
lim e‘= lim (/(_x) = e"*) 


(lim <?'= 1 proved above) 
x-^0+ 

Thus , Ixm lim e*=l. 

X— >0+ x^O- 

Thercfore, ^im e'= 1 . 

X—> 0 

Theorem 2.9 
e*- 1 

lim -=1. 

X— >0 X 


X—> U- X—> m- 


= li 
X 


1 


1 

e* 


lim e* 
X— >0-t- 

1 

1 


Proof : 

As a first slop, we shall prove the inequality 

l+x£e*^l -+-x+x®(e--2), if 0^x5 1. 
X JC* 

Now, 1-t-x^l-i- ^ + —+ ... because 05x^1 
11 21 

= e* 

r 1 X x^ 

I + .. 


...(2 2 ) 
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^1+j+jc* I +_ + _^._ J (because xil) 

= l+x+j^(e- 2 ). 

Our second step is to deduce the inequality 

U,™ quandto a„d dividing by 

We know lim l+x(e-2)=:l. 

JC->0 

TTicrefore. it follows from the last Theorem of Z4 that lim — = i 

x-^0 X 

Theorem 2.10 

x->0 y 
Proof ; 

Put 3 ' = l 0 g(l+x). 

As x-^0. y->0. 

Now, lim = lim -2- 

^->0 X y->0e»-l 


er-l 


lim 
y->0 y 


= 1 (by previous theorem) 


Remark 

Here, we are assuming the result that lim lott + 

1 ^ tog (l+x) = 0 Without proof. When 

substitute x=0, we get the value 0. 


we 


exercise 2.9 

r.Prwe Ite toequalily Oslog (u,)s, fa ^ ,, Daduc dfa Ifa 

j:->0+ 

Z Prove that e-S 1 +x for negative x. .Deduce that xslog (1 + r) < n if 
neptive. Deduce that lim log(l+x)=0. ^ +^)<0 if x is 

x-»0- 

3. Prove that lim e* = «. 
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Hint: Urn c*= lim i 

j :->1 y -»0 J 

4. Prove that lim logx=l. 
x->e 

Hint; Put 31 = — 
e 

2.10 Continuous Functions : In this section we define the concept of a continuous function 
and prove that some well-known functions are continuous. 

Definition 

Let/be a real function and let a be in the domain of/. We say that/is continuous at a, if 
the limit at u is same as the value at a, or in otho- woids, lim /(<} exists and equals /(a) 

x->a 

Many results proved in earlier sections can be restated, using the term ‘continuous’. We 
list a few of them below : 

24 3x-4x^ is conlmuous at 0 (Example 2.1) 
is continuous at 1 (Example 22) 

(We shall later prove the stronger result that every polynomial ia.continuous at every poinL) 

-is continuous at 0. (Example 2.3) 

X42 

(We shall later prove that every rational function is continuous at every point of its domain), 
sinx is continuous at 0 (Theorem Z3) 
cosx is continuous at 0 (Theorem 23) 
e* is continuous at 0 (Example 234) 
log (14x) is continuous at x=0 (Exercise 2.9[Z]) 
e* is continuous at 1 (Exercise 2.9(3]) 
log X is continuous at e (Exercise 2.9[4]) 

(We shall later prove that these functions sin x, cos x, e*, log x and log (14x) are continuous 
at every point of the domain). 

[x] is not continuous at 1 (Example 232) 

[x] is not continuous at 3 (Exairqile 2il) 

The function f(x) = x if x is an integer 

0 if X is not an int^er 
is. not continuous at t, 2, 3... (Example 23). 

X 

— is not continuous at Oj (Remark alter corollary of TheotBin 23) 

Ixl 
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— IS not continuous at 3 (Exercise 2.8[2]) 

Ixl 

Definition 

A real function is said to be continuous m an (open or closed) interval if it is continuous 
at every point of the interval. 

Explanation 

When a function/is considered on a closed interval [a, b], then/is said to be continuous 
at the end point a if lim f(x) =fi,a). 

x-Aa+ 

Sinularly, / is said to be continuous at the end point b if lim /(x) =/(b). 

x~-ib- 

When we say that a real function/is continuous (without mentioning where) we mean that 
it IS continuous at every point of its domain. 

Exainple 2.23 

Every constant function is continuous. Consider the constant function/(x) = a for all x 

We know that as x takes values close to a. fix) lakes the value a. Therefore, lim fix)=a 

x-*a 

Also/((i) = a. 

lim fi;x)kfia). This means,/is continuous at a. This holds for ail a in R. Therefore,/ 
ji-i a 

is Continuous. 

Example 2.24 

The identity function is continuous. 

Proof: To prove continuity of the identity function at a point a, we must piove 
lim x=a 
x->a 

It is obvious then as we-have the function x->a. 

Thus the function x is continuous at a, for all a in R. 

Thus it is continuous. 

The following theorems will be useful to prove the continuity of functions. 

Theorem 2.11 

Let/ and g be continuous at a. Then/+g is continuous at a. 

Proof : Since / is continuous at a, 
lim fix)=fia). 

Since g is continuous at a. 
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lim ^(:«:) = ^(a). 

Adding these two, 
lim f{x)+ lim s(x)=Aa) + g(a). 
x-^a x^a 

But we have already seen in the previous chapter that 
lim (A^) + fi(x))= lim/(j:)+ lim g(x). 

x-»a x->a 

It follows that 

hm (jT:x) + s(x))=yi;a) + B(a). 

In other words, the function /+ g is continuous at a. 

Corollary 

If / and s arc continuous, then /+ g is also continuous. 


Restatement 

Sum of two continuous functions is continuous. Similary, one can prove ; 

I 

Theorem 2.12 

Let/and g be two functions, continuous at <j. Let c be a real number. 
Then i) /- g is continuous at a 
ii) cf is continuous at a 
iti) fg is continuous at a 


iv) 


^ is contmuous at a, provided g(a) ^ 0. 


From these one obtains ; 


Theorem 2,13 

If / and g are continuous functions, then 

(i) /+^ is continuous 

(ii) f-g is continuous 

(iii) cf is continuous 

(iv) . fg is continuous 

(v) ^ is continuous at those points where g does not take the value zero. 
We use this theorem in the following examples. 
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— IS not continuous at 3 (Exercise 2.8[2]) 

Ijtl 

Definition 

closed) interval if it is continuous 


lb], then/is said to bo continuous 

b if lim fix) =fib). 
x-^b- 

When we say that a real function/is continuous (without mentioning where) we mean that 
it is continuous at every point of its domain. 

Exainple 2.23 

Every constant function is continuous. Consider the constant function _/(x) = a for all x. 

We know that as x takes values close to a, fix) takes the value ot. Therefore, liin /(x)=a 

jc—> a 

Also fid) = a. 

lim fi^^fid). This means,/is continuous at a. This holds for all a in R. Therefore,/ 
d-ia 

is continuous. 

Example 2.24 

The identity function is continuous. 

Proof : To prove continuity of the identity function at a point a, we must prove 
lim x=a 
x->a 

It is obvious then as jt -> a, we-have the function x-^ a. 

Thus the function x is continuous at a, for ail n in R. 

Thus it is continuous. 

The following theorems will be useful to prove the continuity of functions. 

Theorem 211 

Let/and g be continuous at a. Then/+g is continuous at a. 

Proof. Since / is continuous at a, 
lim fix)=fia). 
x-ra 

Since g IS continuous at a, 


A real function is said to be continuous in an (open or 
at every point of the uiterval. 

Explanation 

When a function/is considered on a closed interval [a, 
at the end point a if lim fix) ^‘fia). 

Similarly, / is said to be continuous at the end point 
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lim g{x) = g(d). 
x—>a 

Adding these two, 
hm f(x)+ lim g(x) =f{a) + g(a). 
x-^a x-^a 

But we have already seen in the previous chapter that 
lim (A^) + g(i))= lim/(x)+ lim g(x). 
x-^a x-^a x-^a 

It follows that 

lim (.f{x) + g{x))=f{a)+gid). 

In other words, the function/+g is continuous at a. 

Corollary 

If/and g arc conlmuous, then f+g is also continuous. 

Restatement 

Sum of two contmuous functions is continuous. Similary, one can prove ; 

I 

Theorem 2.12 

Let / and g be two functions, continuous at a. Let c be a real number. 

Then i) /- g is continuous at a 

ii) cf is continuous at a 

iii) fg is continuous at a 

iv) is continuous at a, provided g(,a)=^0. 

From these one obtains : 

Theorem 2 13 

If/ and g are continuous functions, then 

(i) /+ ^ is continuous 

(ii) f-g is continuous 

(iii) cf is continuous 
(tv), fg is continuous 

(v) ^ is continuous at those points where g does not take the value zero. 
We use this theorem in the following examples. 
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Example 225 

At what points is the function 2x+3 continuous ? 
Solution 


It IS continuous at evciy point. 

The reasons are as follows : 

We have already proved that the function x is continuous. Therefore, 2x is continuous. 
We have also proved that the constant function 3 is continuous. Therefore,the function 
2jc+3 is continuous. 


Example 226 


At what points is the function 


JC+ 1 

-- continuous ? 

(jf-2)(x-3) 


Solution 

It IS not defined at the points 2 and 3. The function in the numerator, i.c., x + 1 is continuous, 
The function in the denominator (r-2)(jc-3) is also continuous. Therefore, the function 
x+1 

(t-2) (x~l) '^•'cre the denominator docs not take the value 

zero. Thus it is continuous at all points except at 2 and 3. 

In other words, it is continuous at all poinis of its domain. 

Remark 

In the next two theorems, we prove the general results for which examples 2,25 and 2.26 
become particular cases. 


Theorem 2.14 

Every polynomial function is continuous. 

Proof: Let fl(,+oi X +... + a^x" be a polynomial. We prove the continuity by induction onn. 
When « = 0, the polynomial* is Jq. 

It IS a constant function. 

Thcicfore, it is continuous. 

When «= 1, the polynomial is a^ +a,x. 

c is °‘ ‘ 

SUPPOK, il is lha, evoy p„lj,«,„ia| of fcgro a, „ „ conUruous. 

Take a general polynomial of degree n+1, namely, 

0(,+a,x+... + a^ + a^jX"**, ' 
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This can be wntten as 

Jo (fli + Oji:+. 

T^is IS the sum of the constant function (which is continuous) and the product of the 
idenuty function x (which is conunuous) and the polynomial function a, + a^+... + a x* 
of degree at most n (which we assumed to be continuous). 

Therefore, it is continuous. 

^ ^ So. conunuity of a polynomial of degree «implies the continuity of a polynomial of degree 

Thus,by the principle of induction, every polynomial function is continuous. 

Theorem 2,15 

Every rational function is continuous in its domain. 

Proof: 

E,o„ M,o„al rune.™ i. of Oio foon aod polynomial tnncuoni. 

Therefore, it is condnuous at all those points where ^(x) is not zero. In other words it is 
continuous at all points of its domain, ’ 

^noilt^/lf ^ Inmmfh conUnuous at 

point a. If there IS an open interval (6. c) containing o as an interior point, and a function 

Thirm^clhod?" H ^ «■ 

Inis method is used m ihc following ; 

Theorem 2.16 
lx I is continuous, 


Proof : Let n be a real number. 


Case 1 : Let a>0 


Consider the open interval (0, a + l),n 
for all X in this interval. 


IS an interior point of this interval. Also, lx l=x 


We already know that the identity function x is continuous, 
continuous function on an interval containing a in the interior, 
'• lx I is continuous at a. 


Thus, Ixl coincides with a 


Case 2 ■ Let a < 0, 

Consider the interval (a-1, 0). 
a IS an interior point of this interval, 

Also lxl = -x for all X in this interval. 

We already know that the polynomial function -x is continuous. 
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Then I a: I coincides with a continuous function on an interval containing a in the interior. 
.. \x \ is continuous at a. 

Case 3 : Let fl = 0. 

Then Iim Ij:I= lim x = 0 

x-^a+ ;t -> 0+ 

and Iim IjcI= lim (-j:) = 0, 

x->a- X 0- 

and 101 = 0. 

Thus left limit at 0 = right limit at 0 = value at 0, 

Thcrcfore,lxl is continuous at 0. 

Conclusion 

Thus in all the three cases, lx I is continuous at a. 

Therefore, I x I is a continuous function. 

Theorem 2.17 

If/ and ^ are real functions such that / o g is dermed, if g is continuous at a point a, and 
if / is continuous at g(a), then / o g is continuous at a. 

Troof: Since g is continuous at a. 
lim g(x) = g(a). 
x-*a 

Since/is continuous at g(a) 

lim /IM=/Ls(o)]. 

y-*gia) 

Now, lim/[g(x)] = lim /tg(x)] 

x-)a 

= lim f(y) 

y^gia) 

= ng(a)]. 

Thus, fogis continuous at a. 

Corollary 

Composite of two continuous functions is continuous. 

Example 2.27 

Prove that the function 11 -x+lxl 1 is a continuous function. 

Proof ; We know that the polynomial function 1 —x is continuous, and that the modulus function 
l±l is continuous. Therefore,!-x+lxl is continuous. 


.,.(2.3) 


(since as x-> a, g(x)-»g(a) because of (2,3) 
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Let/(;c) = 1 -x + lxl and let ^(x) = lxl. 

Then g{fix) ) = lyiJc) I = 11 -jc+ |;t 11. 

Thus 11 - a: + lil I is the composite of the two continuous functions g and / Therefore, it is 
continuous. 

Remark 

lim/(x) can also be wriuen as lim f{a + h) This is because, as h-^0, 

x-^a /i->0 

(a + h)-^a. Thus f{x) is continuous at a if and only if 
lim f{a + h)=J{a)- 
h^O 

This will be used in the results that follow. 

Theorem 2.18 

The exponential function, e*, is continuous. 

Proof. We have proved in Theorem 2.8 that lim 1. 

x->0 

Now let a be any real number. Then 
lim e*= lim + 

X—>a /i->0 

= lim e'.e* 

/i->0 

= e°. lim c* 
h^O 
= e-.l 
= e" 

= value of e* at a. 

This proves that e* is continuous at every point a. 

Theorem 219 

The sine function is continuous. 

Proof: We have proved in Theorem 2.3 that, lim sinx=0 and lim Cosx«l, 

x->0 x-»0 

Now, let 0 be any real number. Then 
lim smx= lim sin(a-f'/i) 
x-»fl h-*0 

= lim (sin a cos h -»■ cos a sin h) 
h —> 0 
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= sina lim cos/i + cosa lim sin/i 
h ->0 h -^0 

= sina.l+cdsa.O 
= sin a. 

Thus sin x is a continuous function. 

Theorem 2.20 
cos X is continuous. 


Remark 

This can be proved similarly and therefore left as an exercise. 

Remark 

Later we shall prove in the next chapter that all these functions are differentiable and that 
all differentiable functions are continuous. That gives another n»thod of proving the continuity, 

Graphs of Continuous Functions : Even though it is not a rigorous or acceptable method, 
it IS possible by looking at the graph of the function, in most cases, to say whcilicr the function 
is continuous or not. 

The graph of a continuous function has no breaks or jumps. Roughly speaking, it can 
be drawn without taking the pencil away from the paper. 

Definition : A function that is not continuous at a point a. is said to be discontinuous at a. 

Example 2.28 

Leiy(Jt)= xifxil 
X* ifx<l 

Is / a continuous function ? Why ? 

Solution 


Let a be any real number. Consider three cases. 

Case 1 : Let 0 > l^n aU nearby points of o arc also > 1 and, therefore, as x-^aJ(x) (being 
equal lo x) a. Thus lim J[x) = a which is J{a). 


Core 2 ; Let fl < 1. Then all nearby points of a are also < 1 and, therefore 
equal to x*) -> a* Then lim fx) = which is /(a). 


asx^a,/(x) (being 


x-»a 


Case 3 : Let « = 1. Then the nearby poinis can be either > 1 or < 1. We find 

and hm^ Ax)= l.m ^ x^=l=/(l). 


X —► 1 — 
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Since these two liimts coincide ancf are equal to^l), we conclude that lun J[z) = 1 

JC-> 1 

Thus,m all the three cases lim f(;c)=f(a). Hence, / is continuous at a. 

x-^a 

Thus,/ is continuous at all points. 

Discontinuity 

If a funcuon/ is not continuous at a point a, we say that/ is discontinuous at a, and that 
fl IS a point of discontinuity of /. 

If a is a point of discontinuity such that, 

lim f{y) exists, then by changing the value of/at a, we can make it continuous at a. We 
x-> a 

say then that a is a removable discontinuity of/. There are other kinds of discontinuity which 
we do not study now. 


Example 2.29 

2x if x<2 
Let fix) = 2 if x = 2 

X* if x>2 

Show that 2 IS a removable discontinuity of/. 


Solution 

lim fix)= lim x^=:2’ = 4 
X —^ 2+ X — y 2r- 

lim fix)= lim 2x = 2x2 = 4. 

X— y2r- x —► 2— 

Thus lim fix) =4. 
x->2 

But/(2)=2?t4. 

Therefore, 2 is a point of discontinuity of f. 

But if we change/(2) as 4 (instead of 2), then /becomes continuous. 
Therefore, 2 is a removable discontinuity of/ 


KXERCISE 2.10 


1. Prove that the function cos x is continuous. 

2. Prove that the function tan x is continuous at all points of its domain. 
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3- 

4. 

5. 

6 . 

7. 


8 . 


9. 


10 . 


11 , 


12 . 


13. 


14. 


Find all points at which the greatest integer function [x] is continuous. 

Prove that the function sin lx I is continuous. 

Which of the following functions (questions 5 to 12) are continuous ? Why 7 


x+ 5 


/w= 

xMfx>0 

xifxSO 

m= 

2x-l ifx<0 
2x+l ifxSO 


1 2x-l ifx<2 


A1 

M 

Kx) = 

' sin X if x<0 
xif x20 


1 sin X 
- ifx<0 


X 


[ x+ 1 if x^O 

m= 

X if x/0 

1 if x=0 

Kx)= 

1 —ifjtjsO 


Ld 

0 if X = 0 


Assuming that Urn IqgxsO 
x-» 1 

and using the formula log x= log u+(log for all a > 0, prove that log jc is a ccmiinuous 

function. 

Locate the points of discontinuity of the following functions : 


(0 /(*) = 


x-2 




16ifxe2 
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(ii) fix)- 


4ifjc=l 


IS. In Ihe following, deicrmine the value of the constant so that the given function is 
continuous: 


W flx}= 


ibciifx^2 

3ifjt>2 


(li) Slx)= 


ac+5ifA:i2 
x-1 ifi>2 


(ill) m- 


'w(j(?-2i)ifji;<0 
cosjcif j:^0 


16. m)= 


lif^53 

fljc+/jif3<j<5 

7if5i^, 


determine the values of a and b, so Mj{x) is continuous. 
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DIFFERENTIATION 


3.1 Derivative of a Function 

, Lei a be a point in Ihe domain of Ibe real function f. 

A->0 h ' 
if it exists, is called the derivative off at a 

““ - '“-“-/cbmtpen, foe 

Let X be the variable. 

Let it be given a small increment Ax. 

^is Ax may be either positive or negative) 

Then the variable becomes x + Ax. 

TTie vdue of / also changes from / (x) to/ (x + Ax). 

deference in the value of/is/(x+ Ax) -/(x) 

This change has taken place for a change Ax in the variable x 

Therefore, the rate of change is 

W nomlSn"" ’ 


hm 
Ax -»0 


/(x + Ax)-/(x) 


-is what when x = a ? 


In other words, what is lim Ax)-/(x) 

Ax-+0 Ax 

i)“S'' ^ 

IS the same as lim -- . 

*->0 ^ h as the derivative of/at a. 
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Derivative of / at o = lim — ~ ^ 

h^O h 

Physical Meaning 

To make the above motivation clearer, imagine that the variable x is the time x, of a moving 
particle. We attempt now a reasonable definition of the speed at a particular time a. We are 
familiar with the notion of speed in a time-interval, It is given by 

Distance travelled 

Speed =-. 

time taken 

If the interval is a small one containing a, we expect that the speed in the interval, may be 
taken as an approximation of the speed at time a. If the time interval is between a and a-¥ h, 
(h posiuvc or negative) then the speed in that duration is 

Distance Distance travelled upto lime Cfl-F/i)-Distance travelled upto time a 

Time Length of th& time interval 

fja + h) -fja) 

h 

As h—^0, this quantity —> the speed at time a. Thus, the derivative is related to a function, 
in the same way as velocity is related to the distance travelled by a moving particle. 

Geometrical meaning 

~f{x)hca function and a be a point in the domain. Then draw the graph of this function. 
It is a curve (Fig. 3.1). (a,/ (a)) is a point P on this curve. Take a neafby point a + h in the 
domain. (This can be on eiljier side of a, since h can be positive or negative), Correspondingly 
(a + /i, / (a + h) ) is a point Q on the graph. Join these two points by a segment. This is a 
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[Explanation . Extend QP to meet the x-axis at S. 

Let 0 be the angle PSX The slope oiPQ is tan 9. Draw a line through P parallel to the x-axis 
and a line meet at R Then the angle QPR is also equal to 0. Therefore, the slope of 

PQ = tiinQPR=^.^ 

Now, QR = difference in the ^^-coordinates of g and ? 

=f(a + h) -f{a). 

and PR = difference in the x-coordinates of Q and P 
- (fl + h) - a = h. 

f{a + h)-f{a) 

Thus the slope of PQ is = -. 

h 

As Q comes nearer and nearer to P along the curve, the chord QP approaches the tangent at P 
[Explanation : As Q approaches P along the curve, QP taking the intermediate positions like 
QP, finally approaches the tangent / at P. This happens when h 0], 

fia + h) -f{a) 

Therefore, hm -- lim (slope of PQ) 

h->0 h 

= slope of the tangent at P. 

Thus the derivative of/at a is the slope of the tangent to the curve y =/(x) at the point (fl,/(a)). 
Equivalent Notations and Terms 

We denote the derivative of / at a by /' (a). When the derivative exists for every a in the 
domain, then it associates a number to each point m the domain of/and ,thus it is a real function. 
We denote it by/'. We say that/is differentiable at a if/' (o) exists. We say that/is 
differentiable if/' exists. 

The derivative is sometimes called also as differential coefficient. But we shall use the 
word denvative only m this book. 

Somedmes, the function is written in the notation y =f (x),as for example, y = Trtx + c 
ory = X?. Then the derivative function is denoted by ^ or by [/ (x) ] or by D/(x) or by 
y . Note that here ^ is just a symbol for, the derivative, it is not the quotient of two quantities 
dy and dx. The process of taking the derivative is known as differentiation, 

Theorem 3.1 

The derivative of x" is flx"~^, where n is a fixed number, mteger or rational. 

Proof : Let y = x" Then by definition 

(x + Ai)"-x" (x + Axj'-x" 

— = -- = lim -(_ 

dx , Ax->0 Ax x+Ax->x‘ (x+Ax)-x 

This hmit exists and is equal to nx"-^. 
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because of the formula lim - 4 

x—^a x-a 


= no""' proved earlier 


Therefore, 


or 


dy 

dx 

d 

dx 


{id') = n x’'-'^ • 


Example 3.1 

When n - 3, y ~ and ^ = 3;c^ or ^ (x^) = 3x^ 

When n = i 31 = VjT and ^ i 

2 dx 2 2ix 

d , r-, 1 

Theorem, 3 2 

The derivative of the constant function f {x) = c is the zero function. 
Proof' 

Let/ (x) = c .•. / (x + h) is also c 
.■.f{x + h) -f{x) = 0, 

f{x+h) - fix) 


■, /' (x) = lim 


= hm 0 = 0 ■ 

h-^0 


ft - 7 O ft 

Thus the derivative of the constant function is the constant function 0. 
Theorem 3 3 

■ If a function /is differentiable at a point a, then it is continuous at that point. 
Proof: By assumption,/' (a) exists. Now, 


hm [/(a + ft)-/(a)] = hm 

ft ->0 ft -40 


/(a + ft) -/(a) 


= hm 
ft -^0 

=/' (a) . 0 
= 0 


/(fl + ft) -/(fl) 


lim ft 
ft ->0 


It follows that lim / (a + ft) =/ (a) or equivalently, lim / (x) = / (a). 

ft—>0 X—>a 

Therefore, / is continuous at a. 
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Corollary 

Every differentiable function is continuous. 

Remark 

However, not every continuons function is differentiable. 

For example, consider the function f{x) = I j: I 

We have already proved that this function is continuous. Let us examine whether(0) exists. 

Now. /(0 + A)-/(0J /W-/(0) 

lim --— = lim - 

^-^0 h h^O h 

\h\- 0 

= lim - 

h 

\h\ 

= lim - 

/iH.0 h 

Now, as you can easily see, 

^ = 1 if ft IS positive and = -1 if ft is negative 
1^1 „ IftI 

lim - lim - 

ft->0+ ft ft->0- ft 

, Hence, I ft I 

lim - does not exist 

ft ->0 ft 


/(0 + ft )-/( 0 ) 

That IS, lim - (joes not exist. 

ft ->0 ft 

In other words, f (0) does not exist. 

So, though the function Ixl is continuous at 0, it is not differentiable at 0. 
'Dijferenlialion from first principle 

When the derivative of a function is calculated directly using the definition of the derivative. 
It is called differentiation from first principle. 

The following examples illustrate the method of finding the derivatives from first 
principle. 

Example 3 2 

3 

Find the derivative of the function y = x z from first principle , 
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Solution 
By definition 


f'(x) = lim f(x + h)-f (x) 

h —^ 0 - 


-Jl ,-i 

= lim (x+ h) 2 - x~ 2 

h^O — - 

h 

_A L _A __1 

== lim X 2 (1 + ^) 2 -X, 2 


i + (-^) 6 -+ -:-+ ..• 


= lim 

/i ->0 


(Binomial theorem for a rational index) 

1 

= lim r / -3 \ x” 2 
h-*0 - -+ terms containing ^ 

. \ 2 } X 


. -3 ^1-1 

= lim -. X' 2 + lim [ terms containing/i] 

h —>02 h —> 0 

3 i 3 5 

=-x2+0= -x“2 

2 2 

d t .L\ 3 __L 

-T- 

Example 3 3 

Find the derivative of the functiony(x) = 3x*+5x-1. 

Solution 

By definition 

h-^0 h 


[ 3(x + A)^+5(x+/i)-1 ] - [ 3x* + 5x-n 


= lim - 
lt->0 
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6xh + 3h^ + 5h 

= lim„ -;- 

/i->0 h 

= lim {6x+5 + 3h) 
h -*0 

= lim (6jc + 5) + lim (3h) 
h->0 h^O 

= 6x+5 + 0 
= 6x+5- 
d 

— (3jt^ + 5jc-l) = 6x+5, 
dx 


EXERCISE 3.1 


dy 

1. If 3 > = 2x, find — from the first principle. 

2 , Ify^x) = (x-1)^ find/' (x) from the first principle. 

3. If/l[x)=x" and if /' (1)= 10, find the value of n. 

d 

4, Prove from first principle that — (ax") = 001 ' 

dx 


5. If /(x) = ax",prove that a = 


/'(I) 


6 . Prove that the greatest integer function [x] is not differentiable at x= 1. 

(Hint: It is not continuous) ^ 

dy \ 

7. If }i=ax+b, find — from Uje first principle. 

dx 

If f(x) = mx + c and if y(0) =/' (0) = 1. What is / (2) 7 
V-- ^ 

—. find/'(x) from first principle. 

/\f^ 






x + 2 
3x+5 


rmd/'(x) from first principle. 
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3.2 DilTerenliation of Some Important Functions 

In this seclion, wc find the derivatives of polynomial functions, trigonometric functions, the 
exponential function, the logarithmic function and some other related functions. 

Theorem 3.4 
d 

— (sin x) = cos X . 
dx 


Proof : Lety^x) = sin jc. 

Then yi(x +/i) = sin (x + h), 

■ f{x + h) -y(x) = sin (x+/i)-sm x 

x+h+x x-i-h-x 

= 2 cos ( - ) sin (-) 

2 2 

h h 

= 2cos(x+—) sin ( — )• 

2 2 


f{x + h) -fix) 2cos (x+-^) sin 
h “ h 


= cos(x +^) 



lim 

h -^0 


f (x + h)—fix) 
h 



cos X. 


lim cos (x + ^ ) hm 

-^-.0 

cos X.1 
cos X. 


(sin Y ) 


A 

2 


Remark 

sin 9 

Here we have used the result. lim -= 1 (which is already proved) and 

e->0 0 

lim cos (x + h) = cos X. 
h^Q 

This latter result is proved as follows : 
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lim COS (x+.h) = lim (cos jc cos A-sm sin h) 

A-»0 A—>0 

= cos X lim cos A-sin x lim sin A 

A—> 0 A—>0 

= cos x.l-sin x.Q 
= cos X. 


Remark 

Similarly, one can prove 


d 

— (cos jic)=-sm X,/ 


Proof is left to (he stuJenis tis an exercise.. 


Theorem 3 5 
d 

-(e') = e'. 
dx 


Proof ; Let /(x) = e* 

Then/(x+A) = fi'** = fi' e* 

f{x+h)-f(x) e^.^-e* 

•. lim -= lim - 

A->0 A A-^0 A 


e*-! 

= lim e* - 

A->0 A 


e*-l 

= e‘. lim - 

A^O' A 


e*-l 

= e^.l (because we know lim -= 1) 

A-^0 A 

= c’. 
d 

Thus — (fi‘) = e*. 
dx- 


Remark 

e' is the derivative of itself. 

Theorem 3.6 
d 

—(tan x) = sec*x. 
dx 
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Proof. Let f(x) = tan j: . 

Then f{x + h) ~f{x) = tan (a: + /i) - tan ;c 
sln(A: + /!) sin j; 


cos(a: + h) cos x 
sin(jc + /i) cos x-cQs(x + h) sm x 
cos {x + h) cos X 
sin (x + h-x) sin h 


lim - 
^^0 


cos (jc+ /l) cos X cos (x+h) cos X 

f{x+h^-fix) sin A 

-= lim - 

h /i -4 0/i. eos (x+A).cosx 


= Urn 
/i-aO 


= lim 
h^Q 


sin h 


1 


h cos (x + h) cos X 
sin /i \ 1 


h 


lim — 

A-jO cos (x+/i). cos X 


= 1. lim - 

A-)Ocos (x + /i).cos X 


= 1 . 


1 


cos^x 


1 


= scc'x. 


Thus — (tan x) = scc^x. 
dx 


Remark 

This can also be proved by a slightly different method given below : 

Second Proof: Let /(x) = tan x . ' 

Then fix + h) -fix) = tan (x + /i) - tan x 


tan X + tan h (tan x + tan A) - (tan x - lan^x tan h)^ 

- — tan x= -^- 

1 - tan X. tan h 1 - tan x. tan /i 

tan h (1 + un’-x) ' 

1 - tan X. tan ^ 

tan h. scc^x 


1 -tan X, tan h 
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Sin k szch 


COS h-lniix sin h 


, lim ■ 
/i -> 0 


fix+ h)-fix) 


lim 

A-)0 


sin /j 1 

__ ^ SCC^JC. - 

h cos /i - uin X. sin h 


sin h 

= lim - scc^a: 

h^O h 


1 


iim [cos /i-lan x.sin /i] 

/i->0 


1 

= 1, SCC^JC,- 

1 - tan j: 0 

= scc^x 
d 

Thus — (tan jc) = scc^j:. 
dx 


sin /i 

Urn -= 1 

h-^0 h 


'1 hcorein 3 7 

d 1 

— (IogA:)=—. 
dx X 


Proof • Let fix) = log X 

Then fix + h) -fix) = log(x + /i) - log x 


log 





= log 




f{x. + h)-fix) log 

lim -—s lim 

/i^O h - 


h 

1 +- 

X 


lim 
= A 0 


log(l+^) 1 


log (1+y) 
= lim-- 

(As A -4 0, y —^ 0) 


lim —, where y= 
h —> 0 X 


h 

X 
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1 


(because wc know 


log(l+>) 

lun -— 

y 


= 1 ) 


X 

Theorem 3.8 

The derivative of/+ g is equal lof + g'. Stated in words the theorem is: derivative of the 
sum = sum of the derivatives. 

Or to be precise, if/and g are differentiable, then/+g is differentiable and {f-^g)'=f+g'. 


Proof: 

(f+ g)(x+h)~(f+g)(x) 
h 

_ Ax-^h) + g(x + h)-J{x)-g(x) 
h 

f{x + h) -Ax) g(x+k)- gix) 

— ■— . - ' ■ 4 * ' 

h h 

■■■ (/■+«)'W = lim„(/+S)(J: + h)-(f+g)(a:) 


Ax + h) -f{x) g{x+h)- g(x) 

= lim - + lun - 

h —>0 h /i—>0 h 

= fix) + g'(.x ). 

Theorem 3.9 

Let/be a differentiable function and let c be a fixed real number. Then {cf)' = cf'. 

Proof ■. icfYix) = lim (.cf){x +h)-(cf)(x) 

h^O - 

h 

= lim cAx+h)-cf(x) 

h^O - 

h 

= c. lim Ax+h)-Ax) 

/i->0- 

h 

= c fXx)- 


Corollary 

If/ and g are differentiable functions, then f—g is also differentiable and 

(f-g)'=f-g'- 
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Proof ■ (f- 8)' = (/■+ (-g))' =r + (rSY 

=/+[(-1)5]'=/+W =/'-/■ 

Example 3 4 

Differentiate 4]^-9-6x^. 


Solulion 

d d 

We know — (4;t’)=4. — (j4)=4(3jc^ = I2jt. 
dx dx 

d 

-(-9) = 0. 
dx 

d d 

—(- (pd) = - 6—(jc") = - 6(2x) = - 12x. 
dx dx 

d 

— (4x3-9-6x^) = 12x3+0-12x 
dx ' 

=!l2x3-12x, 

Example 3J 

Differentiate 5 sin x-2 log x, 

Solution 

d ' d d 

— (5 sin x-2 log x) = — (5 sin x)-(2 log x) 

dx dx dx 

d d 

= 5 — (sin x)-2 — (log x) 
dx dx 

2 

= 5 cos X- —. 

X 


EXERCISE 3.2 


1. Differentiate cos 3x from first principle. 

;'2. Differentiate cot (2x + 1) from first principle, 
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Differentiate the following functions ; 

3. 03?-¥ + cx + d 

i 

i 1 

4. x+ — 

X 

5. (x-l)(x-2) 

6. c*+2cosx 

7 . + 



3.3 Product Rule of Differentiation 
In this section we prove the formula 

and apply it to differentiate products of functions. 


Theorem 3.10 

Let / and g be differentiable functions. Then their product/g is also differentiable and 
Proof-. (f$y=f8'+fS- 

(f8)ix+h)-ifg)(.x) _ Ax+h)gix+h)-fOc)g{x) 
h A 

Ax+h)gix+ h) -Ax + h) g{x) +Ax + h) g(x) -Ax) g(x) 


= Ax+fi) 


/ g(x+h)-g(x) \ / Ax+h)-Ax) 

(—^ 
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{fg)(x+h)-(fg)ix) 
lim -^- 

g{x+h)-Six) ,, Kx+h)-f{x) 

= hm f{x+h) lim -;-+ -7- 

/i-^O /i->0 h h-^Q h 

= Kx)gXx) + gix)f(x). 

Here, lim f(x + h)=f(x) because/is continuous at x,/being differentiable at x. 
Thus (fgYix) exists and equals (fg' + g'f) (jc). 


Remark 

The rule (fg)' =fg '+gf’ is called the product rule of differentiation. It can also be written as 

d dg df 

-(fg). = 

dx dx dx 


It is also remembered as follows : 

/Derivative of the product of two funcUons 
= (first function), derivative of second function 
+ (second function), derivative of first function . 

There is another form of this rule which is easy to remember. It is liie following : 

(fg)' _f 
fg f 8 

This result which is proved for the product of two functions can be extended for the product 
of any finite number of functions and the rule is 


(fgh-.y r 8' h' 

-= — + — + — + ... 

fgh... f 8 h 


Example 3.6 
Differentiate x 


Solution 

d d d 

— {xe^) = x — (e*) + e* —(x) 
dx dx dx 

= jce*+e*.l 
= e\x+ 1). 

Example 3.7- 

Differentiate {x—l)(x-2) using product rule. Differentiate the same after expanding as a 
polynomial. Verify that the two answers are the same. 
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Solution 

d d d 

- [(;c-l)(x-2)] = (x-1) —(j:-2) + (jc- 2)—(x-1) 

dx dx dx 

= (x-l)-(l) + (x-2)(l) 

= X-1+X-2 

= 2x-3. 

Also, (x-l)(x-2) =x^-3x+2. 

d d d d 

— [(x-l)(x-2) J = — (x")-3 — (x)+ —(2) 
dx dx dx dx 

= 2x-3. 

We noic that both ihe methods give the same answer. 

Example 3.8 
Differentiate xV sm x, 

Solution 

First we differenttate x^e*; 

d d d 

— (xVj = X* — (e’) + e* — (x^ 

dx dx dx 

- x*e* + 2x6' = (x^+2x)e“. 

d d d 

Now, — (xV sin x) = xV — (sin x) + sin x — (x*e*) 
dx dx dx 

= xV cos X + sin X (x^+ 2x) e* 

= e* fx* cos x+x’sin x+2x sin x) 

= xe* (x cos x+x sin x+ 2 sin x). 
This can be done also as follows : 

d d d d 

— (x^e* sin x) — (x^) — (e*J — (sm i) 

dx dx dx dx 

— -- = —,—- + - + -— 

x^e* sin x x^ e* sin x 

2x e* cos X 

x^ e‘ sin x 

2 cos X 

= —+ 1 +- ' 

X sin X 

d 

— (xV sin x) = 2x e* sin x+xV sin x+xV cos x 
dx 

= X e* (2 sin x+x sm x+x cos x). 
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EXERCISE 3 J 

Differentiate the following functions (1 to 10) . 

1. X sin X 

2. X sin X log X 

3. ^ 3 e* 

4. sec tan j: 

5. (1+ji:^) cos j: 

6. e*Cot X 

7. X cosec X 

8. (x^-4jc + 5)(j»?-2) 

9. (1 - 2 tan jc) (5 + 4 sin x) 

10, 

11. Differentiate by product rule and verify that the answer is 2i. 

12. Differentiate (x^ + ax+b){x'^ + cx+d) in two ways, first by product rule, and then by 
expanding the product, Verify that the two answers are same. 

13. Differentiate in two ways, using product rule and otherwise, the function 
(1 + 2 tan x) (5 + 4 cos x). Verify that the answers are the same. 

14. We know that tan x cos x=sin x and 

d 

— (sin x) = cos X, 
dx 

Differentiate tan x cos x by product rule and check that the answer is cos x. 

15. If u, V, w are three differentiable functions. Prove that 

d , dw du dv 

— (UVW) = UV — + VW—+H'U — ' 

dx dx dx dx 

16. Using the formula in problem 15, differentiate x sin x e*. 

3,4 Quotient Rule for Differentiation 

In this section, we prove the formula 
I f \ Sf '-fg' 


g 
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and use it to differentiate quotients of functions. 
Theorem 3.11 


Let/and g be differenuablc functions. Then — 

S 


not lake the value zero, and 

\ g(x) I [g(-c)P 


is differentiable at all points where g does 


Remark 

It is Rood to^remember this in the following rorm ; 

Derivati^of a quotient 

(^ominator) (dedvadve of numerator)-(numerator)(denvative of dcnominaior) 


(denominator)* 


We give two proofs of this theorem. 


First Proof : We ha ve 

\ six) 

Ax+h) Ax) 


= lim eix + h) g(jc) 
h -^0 ^ 


(by the meaning of —) 

g 


fix + h)gix) ~Ax)gix + h) 

- lim - 

/i-)0 h'gix + h)g{x) 

Ax + h)g(x) -Ax)gix) +Ax)gix) -Ax)gix + h) 

= Urn - 

h-^Q hgix+h)gix) 


Ax + h)-fix) gix + h)-^gix) 

---.g(;c)-—--- 

- Iim h h 

h 0- 

gix + h).gix) 


■Ax) 


gix) lim 
h —^ 0 


fix+h)-fix) 


-fix) lim ■ 
h-*0 


gix+h)-gix) 


g(x)lim gix + h) 
h-^0 


g(x)f jx)-f ix)g jx) [Here we use lim gix ^ h) = gix), 
gix)gix) h^O 
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because g is given to be differentiable and hence continuous ] 
gix)f{x)-f(x) g’(x) 

[fiWP 


Second Proof. First we shall prove that 


1 

g(x) 


g'(x) 

[g(x)r 


Now, 




1 1 

g(x+/l) g(x) 

= h 

h-^0 

g(x)-g(x+/i) 

= lim -■ 

h-^0 hg(x + h)g(x) 


-[8(.x + h)-g(x)] 1 

hm --. — — 

h-*0 h g{x+h) 


1 


1 


lim g(x + K) 
h~)0 


1 


-g'jx) 
g(x) ■ g(x) 


[because lim g(x + h) = Wl 
h^O 


-g'(x) 

[g(x)]^ 

Ax) 

Our next step is to consider -as the product of Ax) and 

g(x) 


rule of differentiation. 
Thus, 



= Ax) 


1 y 

g(x) 


_ g'(x) \ 

I 


1 

g(x) 


-m 



t 


1 

-and apply tlic product 

gW 


[ Ax). (-g'(x)) + g(x)f(x) ] 


12 
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s(x)rix)~m s'M 
(g(x)y 


Example 3.9 

2JC + 3 

Differentiate —-. 

x^-5 


Solution 

Lct/(j:) = 2jc+3 and g(x)~Ji3-5. Thus/(j:)=2 and g'ix)=2x. 

L ( ) _ g(xV’(x)'-f{x) g' W 

' dx \ x^-5 I is(xp 

(x^-5)a)-(2x + 3)(2x) 

-2jc2-6j:-10 


Example 3.10 

e* 

Differentiate - 

1+ sin X 


Solution 

d I e‘ 
dx \ 1 + sin ;c 


d d 

(1 + sin jc) — (e*) - e* — (1 + sin x) 
dx dx 

(1 + sin xff 
(1 + sin j:) e\- e* cos x 

(1 + sin x)^ 
c* (1 + sin j:-cos x) 

(1 + sin jt)'’ 


Example 3.11 

sin je d 

We know that tan ;c= - and — (tan j:) = sec^jc, 

cos X dx 

sin X 

Use quotient rule for differentiating -and verify that the answer is sec^. 

cos X 
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Solution 

d j sinjc 
di \ cosx 


d d 

cos X — (sin x) - sin jr — (cos x) 
dx dx 

cosh 

cos X cos x+ sin x sin x 
cosh 

1 

=- ftccause cos^x + sin^ X = ] 1 

cos’x 

= sec^x 


EXERCISE 3.4 


2 . 

3. 


Differentiate the following functions (1 to 8); 

x+sin X 

x+cosx 

X 

1 + tanx 
logjc 

X 


4. — 

X 

ax^ + bx + c 

5. - 

pi^ + qx+r 

1 

6 . - 

ax^+bx + c 

sin x+cos X 

7. - 

sin x-cos X 

sec x-1 
- 


secx+1 
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see X d 

9. \Vi, know that --= lan x and that — (tan x) = sec^x 

coscc X {be 

sec X 

DiffcteiUuue —-- by quoliL'ni iiilc and verify lliat the answer is lire same. 

cosec X 

/ M 

10. We know thal — — =~ (x')=-x’^- 

f/t \ X / ibc. 

] 

DillciciiLialc. " by quouenl rule and veiify lhai the answei is the same 

X 


3.S Diflercntialion of a Function of a Function 


In tills sctlion v,c i;ivc anile for differenlialinn the composite ol two lunctions.'Hie formula is 

1/ (k(v) ) ! =/'(fiW) sXx). 

This i.s useful to ililfcrentiate a vaiicty of functions. 


Theorem 3 12 

If/and fj are difl'cicntiable functions (wherever iti.s defined), then/o j? is also differentiable 
and (rofi)'(Ji:)=--/'(«(Jc)) i,''(x). 


Troo/: We shall be using the following fact. If a function / is differentiable at x, then 

lim--/ (x) 

h-^0 h 

i{x-¥h)-fix) 

and. therefore,- =f’(.x)+ a function of h whD.se limit a.s h->0 is zero. 


If this function of li is named /,(h), we have, 

/(x+h)-/(x)-fi[/’'(x)+/,(/i)| and lim/,(h) = 0 

/ r -)0 


..,(3,1) 


Now, 

lim f{8{x+h))-f[g(.x)) 

(/bg)'(x) = /i -> 0-- 

= lim f(y + k)-f(y) ^ , 

h —> 0- , where y = g(x) and k = |(x +h) - g(x) 

h 


= lim k f{y+k)-f(y) 

h-iO — . - 

h k 
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= lim 
/»-40 


.where lim /',(A) = 0 by (3.1) 
k^O 


= lim Y/'()') + ft‘l5‘o4/i(*) 
h-iO ^ jk-)0 ^ 


= lim - 
h -^0 


i(x+h)-g(x) 

h 


-/'(y).^1^0 


g(x+/l)-g(x) 

h 


= g'{x).f'(y) + g\x).0 

= g'(x) .f'(y) = g '(x) /'(g(x)) =/'(g(x)) ■ gXx). 


lim 
h —> 0 



Remark 

This rule is known as chain rule or function of a function rule. It can be restated as follows ! 
Put fi(x)=}’. Then,y(s(x))=y(y). 

Wc want to differentiate fiy) with respect to x. 

The rule says: First differentiate with respect to y. 

One gets f'(y) which is same as/'(g(x)). 
dy 

Then take — which is same as g'(*)- 
dx 


Multiply the two and get/'(g(x))g'(x). 
This IS what (f o g)' (x) is. 


In other words, 


ify=g(^) and z=/(y). 

/ dz dz dy 
Jthen — = — . — ■ 


dx dy dx 


This is easy to remember. Wc see this as if we are cancelling the dy occurring both in tlie 
numerator and the denominator on the right side. But note that dy does not have-a separate 
meaning so for. It is only a part of a meaningful symbol for the denvativc. 

You can remember the chain rule in this way. 

Derivative of z w.r.t. x = Derivative, of z w.r.t yx Derivative of y w r.L x 
This chain rule can be extended. For example, 

Derivative of z w.r.t. x 

= Derivative of z wr.t ux Derivative of u w.r.t. vx Derivative of v wj.t. x. 


Example 3.12 
Differentiate sin x^. 
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Solution 

dy dz 

Put v = and z = sin y. Then — = 'lx and —=cos y. 
^ dx dy 


d dz dz dy 

— (sin x^)= — = — . — = (cos y) {2x) 
dx dx dy dx 

= (cos x^) {7x) -2x cos x\ 

This solution can be rcwntlcn using a more convenient notation in the following manner: 


dx 


(sin jc^) = 


d(sin x'-) d(x?-) 
dix?) dx 


= cos 2x=2x cos x^. 


Example 3.13 
Differentiate e ^ 


Solution 

Put ■y = sin X and z = c’. 

Then ^ = cos jc and ^ = e^. 
dx dy 

d dz dz dy 

__ ('(j.in I) - — = — , — = e>. cos X = fi"®cos X, 
dx dx dy dx 

We may also write in this way . 

dffi’"') rf(e“"'') d(sinx) 

die d(sin x) dx 

= cos X. 


‘ Example 3.14 

The function sin^x is the product sin x sm x and therefore can be differentiated by product 
rule, It is also the composite/ o ^ of the function y(x)=x^ and the function ^(x)=;sin x. So 
it can be difforcniialcd by the chain rule. Verify that the answers are same, 

Solution 

d , d 

— (sin^x) = — (sin x sin x) 
dx dx 

d d 

= sin X — (sin x) + sin x — (sin x) 
dx dx 


sm X cos x+sin x cos x 
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= 2 sin Jt cos X, 

Also. lct}'=sinjc and z=}i^. 

d di dz dy 

Then — (sin^jc) = — = — . — = 2}'. cos 
dx dx dy dx 

= 2 sm jc cos X. 

Thus, bolh melhods give the same answer 


EXERCISE 3.5 


Differentiate the following functions (1 to 8): 

1. cos x^ 

2 . e™* 

3. sin 2jc+(2;t-5P 

4. sin 2jc cos 3x 

X 

5. - 

sin 3x 

6. log Sin X 

1 

7. - 

log cos X 

I 

9. We know that Differentiate e''’** by chain rule and verify iliai the answei is 1, 

10. We know that sm 'h=2 sin ,t cos x. DiffercninUe sin 2x by chain rule, differentiate 
2 sin X cos X by product rule, and verify Lliat ihe answers arc same. 

3.6 Differentiation of Inverse Trigonometric Function,? 

In this section you will learn to find die derivative of sin-'x, Uin^'ic etc, Thi.s method can be 
used to find the derivative of any inverse function 
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Exainpk 3.1 S 
Diffcrcniialc .sin 
Soliilton 

Let )i = sm-‘x. 

Then sin y = x. 

Diffcrenliaiing both sides with rc.si)ccL to x, we have 

d d 

-- (sin y) = (.t) 

dx dx 

■ „ d(sin y) dy d 

i.e.J^ —— J. = —(x) 


dy 


dx dx 


dy 

i.e.cos)'—= 1 
dx 


dx 


1 


cos y , 

y y 

We want to write this in tenns of x. _ ~ ^ 

Since sin y~x, we have co.s y = i>n'“Sin^y=±VT-A:\ 

What shoulc be cos y then ? VI -a:^ or -V~l -x^ ? 

As you know, the range of sin 'x i.s ^ to , thartsy lies between and -I*. In Uiis 
interval cos y Is posiuve. 

Therefore, we should take co.s y = 1 - x^-. 

dy 1 
' ’ dx ■^-x^ 


Thus — (.sin-'A:) = 
dx 


1 


TT 


Example 3.16 


Find — (cos'a;). 
dx 

Solution 

First Method : Put y = cos"^x and proceed as in Example 3.15. 

d 1 

We get the answer — (cos'^jc) = - 


dx 




Second Method ■ Using the formula, sin -■* ) —cos x, one proves easily that 
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sin-^j: + cos-*j = is an identity. 

Now differentiating both sides with respect to x, 
d d ^ 

— (sin-ijt)+—(cos'i^) = 0 

dx dx 

d d -I 

- (cor‘x) = ---(sin-‘x)=7^- 

dx dx \l-x 


Example 3.17 

Find the differential coefficient of tan-'x. 


Solution 

First Method ; Let y = tan-'x. 


Then tan y=x. 

Differentiating both sides with respect to x, 
dy 

sec^ — = 1. 
dx 

dy I 1 1 

dx ~ seeV ” 1 + tan^ ~ 1 + x' 

mu, 1 (urn-',). -pL. 


Second Method : We know that 

tan 0 tan 8 

sin 6 = tan 6. cos 0=-= / ■ — • 

sec 0 V 1 + tatf0 

Put tan 0=x .'. 0 = tan-'x • 

tan 0 X 

Again,sin 0 = l - r = )_ ■ 

Vl + tan*0 \l+x* 


X 

0 = sin-’ I 

\ 1 + x^ 
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1 +X^. 1 -X. ■ 


2^^T 


lx 




1 - 


1+x^ 


(1 + x") 


= VT. 


(1 +x*)-x^ 


+ x' 


>/T + X^. (1 +x^ 


1 


l+x^ 

d 1 

.■. — (uin-'x) =-- 

(Lx L + x^ 

Example 3.1H 
DirferciUialc lan ‘ log x. 

Solution 

1 


x[ 1 + (log x)^ 1 


Example 3.19 

^.^5irfi;rcnLiaie cos’’(4x^ - 3x). 
Solution 


dx 


[cos-‘(fc.3x) J = 


-1 


r (12 jc*-3) 
^1 - (4x' - 3r)^ 


. 3(4x1-1) ^ 



(aficr simplificaiion) 


Vl-xi 


. 1 


(by chain rule) 


Later you will learn a better method of doing this problem. See’ § 3 .it),’Example 3 27. 
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EXERCISE 3.6 


1. Differentiate cor'x m two ways : (i) differentiating cot y = x (li) using a ulation 
between tan-'x and cotr^j:. 

1 

2. Prove that sec”'jc = cos‘^ —. 

X 

d 

Use this to find — (sec'^x). 
dx 

3. Prove that sec-^A:= tan‘* -1. 

d 

Use this to find — (sec"'^). 
dx 

4. Use ^ (sec 0) = sec 0. tan 0 to find ^ (sec'^jc) 

Differentiate the following functions (5 to 10): 

5. cosec“‘x 

6. sin-* (cos x) 

7. sin (tan-‘j:) 

8. sin-’2i: 

9. £ra~’(»+l) ' 



liation of Implicit Functions 


Hitherto, we have calculated ^ when y i 5_eApUcitlj' given as a funcUon of x. However 


there are occasions when an equaUon involving x and y is given in such a way that y depends 
on ^ implicitly. In this section you leam to find ^ in such cases. The following examples 
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illustrate ihc meilinii. 

Example 3.20 

dy , ^ 

Find — where 2jc*-3x>+4yT; 
dx 


Solution 

Differentiating both sides of the equation with respect to x, 

dy dy 

4j:-3(jc—+> ) +8}i — =0. 
dx dx 


dy 

Grouping the terms involving — on one side and die others on the other side. 

dx 

dy dy 

~3x — +8}! — =3>'-4x 
dx dx 


dx 


(Sy~3x) = 3y-Ax 


dy 3y-Ax Ax-3y 

dx 87 - 3 X 3x~iy' 

In this differentiation above, wc have used the chain rule while differentiating terms containing 
y. For example, 


d d d(y) 

dx dy dx 

d d 

~{xy)=y— {x) + x 
dx dx 



d dy dy 

— (y)=y.l+x— = y+x—. 
dx dx dx 


Remark 

dy 

The answer gives —- as a function of both x and 3 '. We eliminate > in the answer only when 
dx 

it is possible. 

Example 3.21 

1 dy 
If sin (x t-y) = —, find—. 

2 dx 

Solution 

Differentiating both sides with respect to x, we get cos (x -i- >) fl + ^ ) = 0- 
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But cos (jc+}’) cannot be 0, since sm (jc+3') 2 ■ 


dy dy ■ 

1+— =0or — =-!■ 
dx dx 


Remark 

Somenmes. instead of differentiating as it is. it is better to rewrite the equation in a simpler 
form before differentiating. This is seen in the next example. 


Example 3.22 

X y . dy 

l[y=b tan"'( — +tan“' — ). find —. 

a X dx 


Solution 

First Method : Differentiating both sides with respect to x. 



dx 

. ^ 
'■ dx 


X y bx 

l + ( — +tan-' — )*- 

a X x^+y^ 

b by 

a xHy 

X _i)> bx 

l + (— +tan —y-) 

a X 


Better Method ; Rewrite the equation as 


b by 
a x^+y'^' 
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)- ^ , y 

tan— = — + Uin’* —, 

b a X 

Differeniiaung both sides with respect lo ^ 


1 y dy 

- sec^— — 
b b dx 



— 

dx 

dy 



dy 



x^+f- 




1 > 


a x^->ry^ 


y 

x^ + 'f 


dx I y X 

— scc^ —- 

b b x^ + y- 


EXERCISE 3.7 


Find — when x and y are connected by the following relations : 
dx 

1 . 

2. xy = c^ 



4 ^ y'^=Aax 

(JP ajc* + 2/uty+6y^+2gx + 2^ + c=s0 

(£) ij^ + fY=xy 

7. x^ + y^ = 3axy 

8. x/-x^ = 4 
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3.8 Logarithmic DiiTerenliation 

dy 

In some problems, it is easier to find — , by first taking logarithms and then differcnuatinn 

dx ^ 

We meet such problems in this section. Such process is called logarilhmie dillcrciuiation. 
This IS usually done in two kinds of problems : First when (he function is a product of many 
simpler functions. In this case logarithm converts the product into a .sum and facililates 
differentiation. Secondly, when the vanable x occurs in the exponent In this case logarithm 
brings it to a more manageable form. We work out one example for each of ilic.se two in.sianccs 

Example 3 23 

Differentiate sin x. sin 2x sin 3x. sin 4x 


Solution 

Let y = sin x sin 2x sin 3x. sin 4jc. 

Then log y = log sin x+log sin 2jt+Iog sin 3x+log sin 4x. 

Differentiating both sides, we get 

I dy I 1 1 j 

= “-.COSX+-;-.cos2j:. 2 +-cos'3x,3f- .cosdv4 

y dx sinx sinlx sin sin dr 

= cot Jc+2 cot 2x: + 3 cot 3x + 4 cot 4x: 


dy 

sin 4x[cotx + 2 cot 2r+3 cot 'k + d cot 4.v |. 


Remark 

If we do this problem without taking logarithms, it will bo cumlK'r.soinc, because U.e pioduct 
rule IS to be applied many times. 

Example 3.24 
Differentiate x^ 

Remark 

If a and b are two real numbers, then is defined as whenever a is positive. 
Solution 

Lety=x*. Then logy=x log x. 

DifferentiaUng both sides with respect to x, we have 

1 dy 1 

— — = X. — + log X . 1 
y dx X 
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= 1 + log X 
dy 

— = y (1 + log X) 
(be 

= A'(l ■+log j:), 


EXKRCISIC A H 


Dilfcrcntiuic [he following funclions ; 

1. (sin xY 

2. sin X 

3. 2' 

4. c* cos'.c siii^j: 

5. (.x+(jc + 3)'' 

6 . 

J x-f tmx 

8. (2x + 3)»-’ 

8 ' 

<J. — 

10. ^{x-D (x~2) (x-3) (x-4) 

3.9 Differentiation of Parametric Forms 

Somciimes x and }< arc given as fiinctioas ot anoihcr variable t, We call /^llie parameter in 

dy 

winch X and y are expressed.'We find — in .such eases as explained below. 

dx 

Letx=/(() and >i = g(/). 

Let Ax and hy be increments in x and y respectively corresponding to the increment At in t. 

> + A>’ = g(t + A() and x+Ax=yi;r +A/). 

We get 

Ay = g(r + A0-g(0 
Ax=f{t + Ai)-M 
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g(( + M)-8ii) 

" Ax y(f + AO-/(0 

g(t + Al) - g{t) f{t + AQ -f(l) 

At Al 

As A/->0. Ax->0 and Ay-^O. 

Taking limits, we get 

dy lim A}i g(t+At)-g(t) hm f(.< ^0 

^"^^Ait'AI-^O ' A? A/0 At 

dy dx 

dt dt 

Thus, when j: and y arc functions of the parameter t, 
dy dy dx 

_ _ _i_ _ ■ 

dx dt dt 


Example 3 25 

dy 

Ux = a cos 0 and y = b sin 6, find —. 

dx 


Solution 

dx 

— =-a sin 0 
d0 

dy 

— = 6 cos 0 
dB 

dy b cos 0 b 

— =-= - — cot 0. 

dx -fl sin 0 a 

Example 3.26 

dy 3at 3at^ 

Find —whenx =- and)i= -■ 

dx 1 + F 1 + t^ 

Solution 

dx (l + F)‘3a-3ar2f l-3at^ 


dt {l+t^y (l + ti)2 

dy (,l + fi)6at-3at\2t 1 


dt (1 + F)^ 


(1 + F)^ 
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dy ^ 


exercise 33 


rfy . 

Find — when 
dx 

1 , 

c 

2. x=cr, — 

I 

3. xsfl sec 6, tan 9 

4. xssin 2<, y^2 cos ( 

5. x=log f, >*sin r 

6 . x = a(0-sin e).y=fl(l-cos 6) 

7. x=2cos^, 31=2 sin^Q 

8. x = cos 0 + cos 20, >*sm 9 + sin 29 


3.10 DifferenUailon by Substitution 

Someiimcs. it is easier to differcnliale. by making substituuons. We sec ^udi examples 
this section. UsuaUy these examples involve inverse tngonomctnc funcuons. 

Example 327 

Dilferentiate cos ’(4x' ~3x). 

Solution 

First Method : If we diffcrcntiaie directly, ^ 

i [cos-w-wi « - ^(4^.3,), ■ 

3-l2a? 

" V1-(4x=-3x)* 


Second Method : Substitute x=cos 0- 
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Then 4jic’-3x=4 cos^0-3 cos 0 

=cos 30 [by a known formula] 
cos‘*(4ji*-3x) = 30 


d d 

— [cor'(4j^-3A:)] = — (30) 
dx dx 

d dQ 


= — (3e)=3 — 

dx dx 


d 

= 3. — (cos-‘jt) 
dx 

-3 

V 1-x^ 


Remark 

The two answers are apparently different, but actually same. One can prove that 
3-12x^ -3 

V1--(4x3_3j|;)J V l-X^ 

Example 3.28 • 

Difibrenliate tan'‘(-'/T+j?^j:). 


Solution 

Put Jt=tan0. 

Then l+a?=sec*0 
■'/l+jc^-jc=sec 0-tan 0 


1 - sin 0 


cos 0 

, 0 . , 0 9 0 

cos^ —+sm*—2 sin— cos — 
2 2 2 2 


0 


0 


cos*-sin* — 


2 

0 e 

cos-sin — 

2 2 


0 0 \ 
cos—+sin — 


0 0 

cos-sin — 

2 2 
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0 0 

COS--sin — 

2 2 


e 

0 

cos — 

-t- sin — 

2 

2 


0 

1-tan 

— 


2 


0 

1 -i- tan 

— 


2 

Tt 

0 

tan — - 

-tan — 

4 

2 


n 0 

1 + tan — tan — 
4 2 



tan ‘ (Vl 



d , I - , din 0 \ 

d j n 6 \ ^ 

^ \ T ”■ 2 J dx 

-1 de 
"Y lx 
~i d , 

SB-(tan *jc) 

2dx 

-1 

" 2(1 +x^ ■ 

EXERCISE 3.10 


Differentiate the following functions, using suitable substitutions 
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2, sin'‘ (3x-4x^) 
lx. 


3. sin-' 


cos- 


1 +x^ 
l-;c* 

1 + 3 ^ 


5. setr’ 


VT+jc^-l 


tan- 


7. sin-* (2x V1 -JT*) 

8. cos-* 


1 +x 


3.11 Second Derivatives 

For some physical and geometrical concepts, we need the notion of the second derivative. 
This is developed in this section. 

We have seen that if/is a differentiable function, then/' is another function. If this/' 
IS also differentiable, then its derivative is denoted by/", and is called the second derivative 
of/. 

dy 

Ify =/Ix), then we have seen that f'{x) is also denoted by — ory'. Similariy/" is denoted 

dx 

iPy 

by — or y" 

Example 3.29 

Find the second derivative of e^+sin x. 

Solution 

Lcty=V+sm x. 

d-y 

Differentiating, — = e^+ cos jc 
dx 

Differentiating once again, 
d‘y 

— = e*-sin x. 
dx^ 
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Example 3 30 

(Ey 

If v = log x-x, find “— . 

tbp 

Solution 

y = log x-x 
Differcntiaung ihi.s. 

1 ^ 

dx X 

DiffcrcnLiaLing once again, 
cPy 1 


EXERCISE 3,11 


Find die second derivalives of ihc following functions; 

1. 

2, ajc’ + 6x^ + cx+d 


3, X" 


4. X sin X 

5. 

6. log log X 

7. X 

d^y 

8. If y = 2 sin x+3 cos x, prove that y +-- 0. 

dx^ 

cP-y dy 

9. If }i = lan X, prove that — = ly — . 

dx^ dx 

(Py X 

10. If )i = sm"'x, prove that — = 

dx^ 


(1-x^^ 
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3.12 The n"' Derivative 

For each positive integer n, one can define the w* derivative of a function, (Sometimes it may 
not exist). When n= 1, the derivative of/is the usual derivative/'. When n = 2, the n'*' 
derivative is the second derivative seen in the last section For n == 3, it is the derivative of 
the second denvative; and so on. After finding the first and second derivatives, we can in 
many cases guess the formula for the n'*' derivative The rigorous proof needs induction, and 
we do not require this much of rigour at present. 

Notation 

The n* derivative of a function f{x) will be denoted by /^"'. 


When it is written as y=f(x), the nth denvative is denoted by either y"> or y„ or 


Example 3.31 

Find the n'*' derivative of sin x 

Solution 

Let y=sin x. 
dy 

Then — scos x=sin 

Differentiating again 
cPy 

— =-sin jc=sin (x+it). 
dx^ 

One can prove that 

dy I n \ 

=sin x + n— for alln = l, 2. 3, 

rtt" \ 2 / 

Example 3.32 


Find the n'^ derivative of — . 

X 

Solution 

1 

Let y = — . 

X 


dx x^ 



(ty 

etc* 
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cPy ( ^ 

dx^ i JcM 

(Py ^ ^ 

(bP xP xP 

Thus proceeding, one proves 

dy n ! 

— = (- 1 )".-■ 

dx!' 

Example 3 33 

Find the M* derivative of xr. 

Solution 

The first derivative of j:" is n j;"' 

The second derivative of x" 

= thc derivative of n x""' 

= n. (n- 1) X'' > 

The tliird derivative of x" 

= the derivative of n (n-1) 

= rt (/i-l) (n“2) x"“’ 

Thus proceeding, 
the n'*' derivative of x" 

= n(n~ 1) (n-2)... (n-(n-l)). x"“" 
= n! x" 

= n!. 


EXERCISE 3.12 

Find the n* derivatives Of the following functions : 

1, cos X 
sin 2x 
' 3.) cos o‘ 
it. e" 

5.. X" ' 
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6. Op + a^x + 

7. (ax + by 

8 {llinl' The eases m<n, n<m, n = m aic Lo.be irealcd separately) 


A List of Formulas to Remember 


dy 

SI no. The function y The denvaiive — 

dx 


1. Constant Function 


1 . 

x" 

3 

sin X 

4, 

cos X 

5. 

tan X 

6, 

cot X 

7 

sec X 

8. 

cosec X 

9. 

e* 

10. 

log X 

11. 

sin'^jc 

12. 

C0S“^X 

13. 

lan-^x 

14. 



zero 
n xf'-' 
cos X 
-sin X 
sec^AT 

- coscc^x 
sec X. tan x 

- cosec X. cot X 

gx 

J_ 

X 

1 

-1 

1 

1 +x‘^ 

1 


Product Rule : {fgY^fg'+f's 

r. - r. , ( f\ 

Quotient Rule — =-; 

\ i’ , 

Cham Rule ; {fo g) '{x)=f'{g{,x)). g '{x). 
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MISCELLANEOUS EXERCISE ON CHAPTER 3 


1. Differentiate jc sin i from the first principle. 

<Py 

2. If >=jc*, find-. 

dy 

3. If jt=c tan 0 and v = c cot 0, find —. 

dx ■ 

4. Differentiate 

' dy 

5. If x^-y^=x, find — 


6. If the derivative of tan-‘(a + i7x) takes the value 1 at jc=0, prove that a-V^. 


7. Differentiate-and find the value of the dervialive at jc=0. 

jc^-3 

Differentiate the following functions (9 to 28); 


9. log^ 


10, 

jt tan'‘x 

11. 

sec (3x+4) 

12. 

13. 

X log X.log log X 

(t)- 

14. 

sin 2x 

e‘ 

15. 

1 + x^ 

cosec'*- 

2x 

16. 

cos (log x) 

17. 

1 +x 
log 

1-x 

18. 

sin^x cos*x 

19. 

log (x+Vx^ + a^) 
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20. x{x-l) ix-3 

21. Vl + tan;i: 

22. sin (e^logj/) 





CHAPTER 4 


APPLICATIONS OF DERIVATIVES 


Dcrivaiivcs have a wide range of applications in science and engineering as well as in social 
sciences. In this chapter we shall consider a few applications of the derivative 


4.1 Motion in a Straight Line 


Suppose a particle P is moving in a straight line. We lake a point 0 on the straight line as 
origin and set up a coordinate system on the line, that is, we associate a real number with 
each point on the line. The directed distance of the particle from the origin is a function of 
Lime. Let the particle P be at the point s at time i. Then 


As you already know, the velocity of the particle is the rate of change of its distance (from 
the origin). Let the position of the particle be the point (s + As) at time l + M, so that 

s+^s=f{t + At). average velocity df the particle between the points 

A.; 

jandj + Aj= — , 

At 

Tlic velocity v (instantaneous velocity) of the particle at the point s (at lime t) is the limiting 
As 

value of— as At-^0. 

At 


V 


As (s+As)-s 

= lim -= liip- 

, lit —^ 0 At At —) 0 At 


lim 

At —> 0 


At 


=r (0 


Similarly, if v is the velocity of the particle at time / and v+Av is the velocity at t+At, then 
average acceleration of the particle between the points s and s+As 
A V ( V + Av) - V f'it + Ai) -/'(t) 

I At t ' 


The acceleration a at the point s is the limiting value of the average acceleration of the particle 
between the poinus s and s As + 

A/^0 At ; 


Thus when the distance Ravelled by a particle (from an origin) is given as a function of lime, 
say j=/(t), then 


no 



represents its velocity and/"(t) 




represents its acceleration at 


lime f. 
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Example 4.1 

A particle is moving along a straight line according to the formula s= where s is 

m metres and i is in seconds. Find its velocity and acceleration. 

Soluiion 
We have 

s = 12/-3i^. Differentiating with respect to /. 


ds 

Jt 


= 12 - 6 /. 


This gives tlic velocity at time /. 

Differentiating once again with respect to /, 
ePs 

— =- 6 . 
dfl 

This gives the acceleration at time /. 

We note that the acceleration is the same at all tunes /. 

The negativeness of the acceleration means that the velocity is decreasing. Sometimes it 
(negative acceleration) is called rotradation. 

Example 4 2 

The distance s in metres described by a particle in / seconds is given by j = . 

e' 

Show that the acceleration of the particle at time / is equal to the distance travelled by it upto 
Lime / 

Solution 
We have 


s = ae' + — 
e' 

Differentiating with respect to /, 

ds b 

— = ae'- — . 
dt ' e' 

Differentiating once again, 

<Ps b 

—- = ae' + — . 
dP e' 

We note that 
cPs 

In other words, 

acceleration at time / = distance travelled upto time /. 
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Example 4.3 

A panicle is moving in a straight line according to the formula s=i^-9t^+'it+ 1, where s 
is measured in metres and (in seconds. V/hen the velocity is -24 m/s, find the acceleration. 

Solution 
Wc have 

j = + 1. 

ds 

The velocity is given by —=3/^-18r + 3 = 3(/^-6/+1). 
dt 

If this is equal to -24, then 
3(1^-6(+l) +24 = 0 
That is, (^-6/ + 9 = 0 
.'. / = ± 3 ’ 

The acceleration is given by 
• (Pi 

-=3(2i-6) = 6a-3)- 
dt^ 

= 0 and 

i = 3 t = -3 


(Es ' 

; 


= -36 



Thus, when the velocity is -24 m/s, ihe acceleration is either 0 m/s* or -36 m/s*. 

To be clear, the velocity is -24 m/s at two insianu, namely, when r=3 seconds and when 
i = -3 seconds or when j = -44 nt or -116 m. At the point s = -44 m the acceleration is 0 
m/s* and at the point s = -116 m, it is -36 m/s*. 

EXERCISE 4.1 


1. In the following (i) - (iv),„rind Ihe velocity of a panicle moving on a line at/=2.25 seconds, 
if ils position j is in metres and time (is in seconds : 

(i) s = sin — 

9 

(ii) j = i* 

(iii) s = t-l 

(iv) j = log 1 

2. Find the acceleration of the particle at l = 3 in the Problems (i) to (iv) above. 

3. A parbcle is moving on a line, where its position j in metres is a function of time i in 
seconds given by s = t’ + al* + bt + c, where a, b, c are constants. It is known that at 
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t= 1, second the position of the particle is given by r = 7 metres, velocity is 7 m/s and 
acceleration is 12 m/s\ Find the values of a, b and c. 

4. A car is running on a straight road The distance travelled and time taken are connected 
by the formula j=F-2/, where t is measured in hours and s in kilometres. When the 
odometer reading is 15, what is the speedometer reading (Note : odometer measures 
j, and the speedometer measures velocity. You may take t>0 here). 

5. A particle moving according to the formula j = 10 + 20/ - /^, starts from a distance of 10 
metres from a mark, and moves in a line farther and farther from tJie mark. How far 
from the mark does it go, before it starts moving in the opposite direction ? 

4.2 Motion Under Gravity 

One particular instance of motion in a straight line is the motion of a failing body under gravity. 
The acceleration of the falling body due to gravity has been calculated as g = 32 fcct/sccond^ 
or 9.8 mctrcs/sccond^ towards the centre of the earth. In this section, we use differentiation 
10 some practical problems concerning this motion Theoretically, however, there is nothing 
new in this section. 

Example 4.4 

A ball thrown vertically upwards, moves according to the formula .v- 13.K/-4.9(^ where s 
IS in metres and / is in seconds. Find the following : 

(a) Its acceleradon at / = 1 

(b) Its velocity at / = 1 

(c) The maximum height reached by the ball. 

Solution 
We have 

s = 13.8/-4.9/^ 

Differentiating, 

ds 

— = 13.8-9.8/. 
dt 

Diffcrentiaung once again, we get 
(Ps 

— =-9.8. 
dfl 

.'. Acceleration at / = 1 is [ - ] = -9.8 m/sP. 

\ dP j t = l 

(In fact, It IS the same for all values of /). 

The velocity at /= 1 is ( — | = (13.8-9.8 x 1) = 4.0 m/s, 

\ dl ) 1=1 
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Wc note that the velocity becomes zero when 

13.8 

and after that, it becomes negative, indicating that the ball comes downwards. 

13 8 

Tticrcforc, the maximum height is reached when l =- For this value of /, 

9.8 

I 13.8 \ I 13.8 \ * 
j = 13-8 -(4.9) \ -^j 

If 1 

= — (13.8)^—(13.8)^ 

9.8 [ 2 J 

(13.8)" (13.8)" 

=- 2-1 =- 

2x(9 8) 2x(9.8) 

= 9.716 approximately. 

The maximum height reached by die ball is 9.716 metres approximately 
Example 45 

The motion of a stone dirown vertically upwards satisfies an cquauon of the form 
s = ai^ + bi when s and / are measured in metres and seconds respectively. If the maximum 
height reached by the stone is 4.9 metres and if us acceleration is - 9.8 m/s", find its height 
after half a second. 

Solution 
Wc have 
s = a(" + bt. 

Differentiating, 

ds 

— =2at + b- 
dt 

Differentiating once again. 



dt" 


It is given that the acceleration is - 9,8 m/s", 
.-. 2a = -9.8 
or a =-4.9 
ds 

— =b-9.8r, 
dt 
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— becomes zero when (=— and negative for greater values of t. (If b were negative, there 

dt 9.8 

would be no upward motion at all). The maximum height reached is given by 


b 

s = at^ + bt with t= —. 

9.8 

b^ IP' 

This is, when j=-4.9-+ — 

(9 8)2 9.8 


f)2 1 tP 

^ ~ 19.6' 


From the given data — =4.9 
19.6 


62=4 9x19,6. 

6 = 9.8 (as already mentioned, 6 cannot be negative) 
The equation of motion of the stone becomes 
j = ^.9/2 + 9.8f. 

1 4.9 9.8 4.9 

When t = — , s=-+ — --+4.9 

2 4 2 4 

1 14.7 

= 4.9 (1 _ _) a — » 3,675. 

4 4 


The stone is at a height of 3.675 m after half a second. 


EXERCISE 4.2 


1. A stone, thrown upwards, has its equation of motion s=490t-4.9P. What is the 
maximum height reached by it ? 

2. If a ball, thrown vertically upwards, has equation of motion s=ui+ — o/2 in 

2 

metres and seconds and if a =- 9.8 m/s*, find the maximum height reached in terms of 
u 

3. The maximum height is reached in 3 seconds by a stone thrown up vertically and moving 
under the equation j= u(-4.9t2, where s is in metres and t is in seconds. Find the value 
of u. 

4. A ball thrown vertically upwards, falls back on the ground after 8 seconds. Assuming 
that the equation of motion is of the form s=ut-4.9P, where s is in metres and t is in 
seconds, find the velocity at t = 0. Find also the velocity at t = 1. 
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5. Someone standing on a pole of height 9.8m metres throws a stone vertically upwards. 
It moves in a vertical line slightly away from the line of the pole, and falls on the ground. 
If its equation of motion, in metres and seconds, is j= I9.6r-4.9t^ how much lime does 
it take for the upward motion. 

6. A particle is moving m a vertical line as per the equation s= 100t-4.9t^ where s is in 
metres and l is in seconds. What is its velocity at f = 1 ? At what time is its velocity 
zero ? What is its acceleration at / = 1 ? What is the maximum value of s ? 

7. When a stone is thrown upwards, on certain planet, its equation of motion is j=10r-3t^ 
in metres and seconds. After how many seconds will it fall back (on the planet) again ? 
What is the acceleration (due to gravity of that planet) ? 

8. Two stones are thrown up simultaneously. Their equations of motions are respectively 
j = 19,6/-4.9r^ for the first stone and j=9.8r-4.9t^ for the second stone What is the 
height of the second stone, when the height of the first stone is maximum ? 

4.3 Rate of Change of Quantities 

ds 

We have already seen that the derivative — represents velocity, the rate of change of 

dl 

distance with respect to time t. In a similar fashion, whenever one quantity y varies with another 
quantity x, according to the rule y~f[x), thcn/'(Xj) represents the rate of change of y with 
respect to X at x=X(, In this section, we sec some examples of this sort. 

Further we have, if both x and y are varying with t (i.e. x, y arc functions of t). then 

t 

(by chain rule) 


Thus, the rale of change of one variable can be calculated if the rale of change of the odier 
variable is known. 

Example 4.6 

A stone is dropped into a quiet lake and waves move in circles at a speed of 4 cm', per second. 
At the instant when the radius of the circular wave is 10 cm how fast is the enclosed area 
increasing 7 

Solution 

If r is the radius of the circular wave and if A is the enclosed area at time t, iJien we know that 
A=7C i^. 

Differentiating this with respect to time t, we have 


dt 


dx 

= /'W. 


dx 


dt 


dx 

dt 
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' dA dr 

— = 27tr— . 

dt dt 

dr 

It is given that — = 4 cm/s. 
dt 

when r=10 cm, 
dA 

— = 2k20A cmVs 
dt 

= 80n cmVs. 

The enclosed area is increasing at the rate of 80 cmVs when r= 10 cm. 

Example 4.7 

A man 2 metres high walks at a uniform speed of 5 meu-es/hour away from a lamp-post 6 
metres high. Find the rale at which the length of his shadow increases. 

Solution 

In Eg. 4.1, let Afl be the lamp-post, the lamp 
being at the position B, and let MN be the man 
at a particular lime t and let AM = Im. 

Then MS is the shadow of the man. First wc 
want to express the length MS in terms of the 
length AM. 

Since the triangles ASB and MSN are similar, , ‘ 



Fig. 4.1 
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MS MN 
we have -— = -— . 

AS AB 

ButMN = 2 metres and AB = 6 metres. 

Let AS = s m. 

MS 2 1 

Thus — = — = — AS = 3s. 

AS 6 3 

It follows that AM = 2 s. 

In other words, 1 = 2 s. 

dl ds 

Therefore. — =2 — . 

dl dl 

dl 

But it IS given that — = 5 km/h. 
dl 

ds 5 

It follows that — = — . 

dl 2 

5 

The length of the shadow increases at the rate of — km/h. 

2 


EXERCISE 4.3 


1. A man 160 cm tall, walks away from a source of light situated at the top of a pole 
6 m high, at the rate of 1.1 m/s. How fast is the length of his shadow increasing when 
he is 1 m away from ihe pole ? 

2. An airforce plane is ascending vertically at ihc rate of 100 km/h. If the radius of the 
earth is r km, how fast is the area of the earth, visible from the plane, increasing at 3 

minutes after it started ascending ? (visible area A = where h is the height of 

the plane above the earth.) 

3. A balloon which always remains spherical, is being inflated by pumping in 900 cubic 
centimetres of gas per second. Find the rale at which the radius of the balloon is increasing 
when the radius is 15 cm. 

') 

4. An edge of a variable cube is increasing at the rale of 3 cm per second. How fast is 
the volume of the cube increasing when the edge is 10 c'rh long ? 
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5. A parlicic moves along ihc curve 6y=x^ + 2. Find ihe points on Lhe curve at which Ihc 
y-coordinalc is changing 8 Limes as fast as llic ^-cordinalc. 

6 . A ladder 5m long is leaning against a wall. The boilom of the ladder is pulled along 
the ground, away from lhe wall, at the rale of 2 cm/s. How fast is ns height on the wall 
decreasing when the foot of the ladder is 4 m away from liic wall ? 

7. Water is dripping out from a conical funnel, at the uniform rate of 2 cniVs through a 
tiny hole at the vertex at die bottom When die slant height of the water is 4 cm, find 
the rale of decrease of the slant height of the water 

S. Sand is pouring from a pipe at the rate of 12 cm^/s. The falling sand forms a cone on 
the ground in such a way that the height of the cone is always onc-sixdi of the radius 
of the base. How fast is the height of die sand-cone increasing when die heigh is 4 cm 

4.4 Increasing and Decreasing Functions 

In this section, we use differentiation to decide whether a function is increasing or decreasing 

or neither. 

To explain the nodon of an increasing function, we start with an example The rate of 

US dollar in rupees, has been varying with time. In the period of two months, October and 

November 1988, the rate on some dates is tabulated below ■ 


Dale 

Rupees per dollar 

4.10 88 

14.5882 

11 . 10.88 

14 6113 

14.10 88 

14.6649 

18 10.88 

14.7341 

. 21 . 10.88 

14.7623 

28.10.88 

14.8456 

4 11.88 

14.9220 

11 . 11.88 

14.8887 

18.11.88 

15.0083 


Here the rate is a funcUon of dme. We may lake die rate to be defined at each point of time. 
We observe that the rale has been increasing in October. But it is not so in Novcnibci. 
In the month of November, after taking the value 14.9220 at one time, it takes the smaller 
value 14 8887 at a later Ume though once again it takes a higher value subsequently. That 
is why we say that the rale is not increasing m November, This situation leads us to the following 
definitions of increasing and decreasing functions 

Defimiwn 

Let / be an open interval contained in the domain of a real function/./is called an increasing 
function on I if whenever <^3 in /,’it is true that/[x,) We may write this definition 
more briefly in symbolic form as follows . 
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fix) IS an increasing function on I if x^ <x^ in /=>/(JC,) <:/(Xj). 



The graph in Fig.4.2 is the graph of an increasing function y(x) in (a, b). 


Definilion 

A function / is a decreasing function on / if 
whenever .x, in /, it is true that 
fixf) >fixf). 



Fig. 4.3 
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In symbolic form a function/is decreasing 

function 'on / if Xj < x, in / >/Crj)- 

The graph in Fig. 4.3 is the graph of a dcaeasing function f(x) in {a, b). 

Remark 

1 . It is possible that a function/is neither increasing nof decreasing on a given/. The function 
/^r) in Fig. 4.4 is neither increasing nor decreasing in (a, b). However, it is increasing 
in the intervals (a. c), (I e) and (f, b) and decreasing in the intervals (c, d) and (e.f). 
In the example given in the beginning of this section, if / is the interval including the 
two months of October and November, we say the rate is not increasing on /, 



Fig. 4.4 


2, In the above dcriniiion the interval / can be replaced by the real line R also, 

3. What we have defined here arc called “strictly increasing" functions by some authors. 
According to them a functions is increasing if x ^<There could be 
functions which arc increasing in this sense, but not according to our definition. For 
example, consider the funcUon whose graph is shown in Fig, 4.5, which is increasing 
in (0. c) according to them. According to our dcimilion it is increasing only in the intervals 
(0, a) and [b, c). 
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Definition 

A function/ is said to be increasing at a point x^, if there is an interval/ + 

around x, such that for x,, x^e /, 

andXi<xi,=»y(Xi) < 

Example 4.8 

Show that the function/i;x) = 2x+5 is an increasing function on R. 

Solution 

LctXj, Xj€ R and lctXj<Xj. 

2Xj + 5<2xj + 5 

or AXi)<A^^ 
x^<Xi=iAxO<AxO 

/ is an increasing function in R. 

Example 4.9 

Show that the function yi[x) = x^ is an increasing function in (0, «=). 

Solution 

Let x^, Xj G (0, «•) and let x^ < Xj. 

Now, X, <Xj 


...(4.1) 
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Multiplying both sides of (4.1) by the positive number x^, we get 

jCj ...(4 2) 

Again multiplying both sides of (4.1) by the positive number x^. we get 

...(4.3) 

From (4.2) and (4.3), we get 

i.c. M)<Axi) 

Therefore, x^<x^ =>M) 

Hence, f(x) = jt® is an increasing function in (0, »). 

The graph oif(x) = :^ in (0, «>) is shown in Fig. 4.6. 



Example 4 10 

Show thaty(jc) is a decreasing function in (-<», 0). 

Solution 

Let Xp jCj G (-«, 0) and let x, <Xj. 

Now ...(4.4) 

Xp Xj are negative numbers. 

Multiplying both sides of (4.4) by the negative number x,, we get 

xj>x,x^ . ...(4.5) 

Again multiplying both sides of (4.1) by the itfegative number Xj, we get 

Xj Xj > x| ... (4.6) 


From (4.5) and (4.6), we get 
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x1>xl 

IX. A^i) >Ax2) 

Tlicrclorc. x, < > /(Jtj) 

Thcrclorc, _/(.«) = is a decreasing funclion in (-«>, 0) 

The tlcnvaiivc of ihe funcLion/is oflcn very useful lo dcLcrminc die increasing or decreasing 
naliirc of/ in an iiucrval. 

We Slate itic following ihcorem : 

Theorem 4 1 

A dilTcrc nil able real limclion/(x)is increasing on an open inlcrval I if and only if/'(x)>0 
for all X in 1. 

Explanaiton 

If fix) is pQsiiivc lhcn/(x+ h)-fix) and h have the same sign for small values of h. When 
h IS positive x + h> x=5/(x + h) >Ax) and when fi is negative x + h ct=J)_/(x + h) <Ax)- 
Tins means/Cx} is an increasing function as shown in Fig. 4 7. 



On similar lines, we have the following theorem ; 

Theorem 42 

A diffcrcnuablc real function is decreasing on an interval f if/'(x)<0 for all x in I. 
Example 4.11 

Find the intervals in which the function 

/■(x) = 2x3-3x2-36x + 7 

IS (a) increasing (b) decreasing. 
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Solution 

/■(j:) = 2i3-3jc2_36jc+7 

f'{x) = 6x^-6x-'i6 = 6{x^-x-6) 

f'{x) = 0 gives x^-ji:-6 = 0, i.c. (jc-3)(x+2) = Q, 

i.e. x=3 orx=-2. 

The points x=-2 and x = 3 divide the real line into 3 disjoint intervals,namely,(-» -2) 
(-2. 3), (3,«). 

In t he interval (-°°, -2),/' (x) is po sitive. Therefore,/^)jSincrMsing in this interval. In the 
(- 2 , p'^sitiverriiefelQ?e7J(x )~is~increasing'hTThir^inlerval.' 

In the interval (3, °=},f{x) is positive. Therefore^yi^x) is incTcasmTiinhis interval 
Example 412 

Prove that the exponential function e* is increasing. 

Remark 

rthis^cLcTmendoned, we must prove that the function is increasing in its domain, 

Solution 

We know that 
d 

— (e*) = 
dx 

We also know that when x is positive, 

IS positive, because 
x^ 

e^=l+x+ —+...>1 
2 ! 

When X is negative, 


I 1 

e^= — = —-- 

* a positive quantijty 


= a positive quanuty 


When X is zero, is 1 and this' is also positive. 
Thus, e* is positive for all valilijs of x. 


d 

^ positive values. 

Therefore, e* is an increasing function. 
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Example 413 ^ 

Prove lhat the function sin x is increasing in ihc interval (0, — ) and decreasing in the 

2 

Tt 

interval (—, it). 


Solution 

d 

— (sin x) = cos X. 
dx 

n % 

We know lhat cos x is positive in (0, —) and negative in ( — , ii). 


rt 7t 

Therefore,sin x is increasing in (0. —) and decreasing in (—, rt). 

2 2 


Remark 

On the interval (0, n), sin x is neither increasing nor decreasing. 


EXERCISE 4.4 


1. Without using the derivative show lhaty(x) = x^ for j:< 0 is a decreasing function. 

2. Show ihatjXx)for all x £ R is neither increasing nor decreasing, without using the 
derivative. 

3. Prove ihaty(x )=ax + b, where a and b arc constants and a > 0 is an increasing function 
for all real values of x, without using the derivative. 

4. Find the intervals in which the following functions arc increasing or decreasing. 

(a) x^+2x-5 (d) 6-9x-x^ 

(b) 10-6 x-2jc* (c) (;r+l)^(x-3)3 

(c) -2i3-9x*-12r+l 

5. Prove lhat the logarithmic function is increasing wherever it is defined. 

6 . Prove lhat the function x^-3x^ + 3x-lOO is increasing on R. 

7. Prove lliat the function x^-x + l is neither increasing nor decreasing on (0, 1). 


.T 



(a) cos X (b) cos 2x (c) cos 3x (d) tan x. 
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9. 


On which of the following inLcrvals is ihc funciion j:'‘“ + sin x -1 increasing ? 

It It 

(a) (-1. 1) (b) (0. 1) ^ 7 ■ 


10. Find th(^ least value of a such that the function jc^ + £U+1 is increasing on 11, 2J, 

1 

11 Let I be any interval disjoint from (-1.1). Prove that llic function x + — is inerca- 

X 

sing on /. 


11 . 


Prove that the function logs in jc is increasing on (0. 


JI ,7t 

—) and decreasing on (.—, it). 


4,5 Maxima and Minima 

In this .>!cction we apply differenuanon to calculalc the maximuni or niinimn values of 
lunctions 

Let us consider the following three problems tliai arise in practical situations • 


Problem 1 

A company finds that if it produces less, us profit is also less, If Jl produces too much, then 
it IS unable to sell the commodity and therefore, there is loss, It wants to make the maximum 
profit. It finds that profit is given by the equation p(x) = 41' 24a: -1 where x is the 
quantity of production. What is the maximum prolil that the company can make 7 How much 
quantity should it produce to gel this mxximum profit 


Problem 2 

A jcl of an enemy is fiying along the curve y=j[H2, A soldier, placed at die point (3, 2), 
wants to shoot it when it is nearest to him. Wluit is the nearest disumcc ? 


Problem 3 

What is the maximum height reached by a ball moving upwards under die formula 
.f = fit-irSwhere a and b arc conslanls. 

In these three problems, there is something common We want to find the maximum or 
minimum values of given functions m each of diem. 

In the ease of some functions it is not difficull to find Ihc maxiinum or minimum values 
of die functions without using calculus. For example die funcUoa =x^ has only minimum 
value 0 in R (Fig. 4.8), where as the funcLon7(jr) = -(.t-2)^ + 4 has only the maximum value 
4 in R (Fig, 4 9). The funcuony(jr)=x^ has neither any maximum value nor any minimum 
value in R (Fig 4.10) 



2 


Graph of f(x)—(x 2)^+4 


Fig. 4 9 
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Though ihc meaning of maximum value or minimum value is inluiivcly clear, let us define 
ilicm malhemaiically. 

Definition 

A function y(x) is said to have a maximum value in an interval / at x , if x is in / and if 

/W-/W for all X in I, The number is called the maximum value oifix) in / and x 
is called a (point of) maximum of f(x) in /. ° 

We can have a similar definition for the minimum value of a function. 

Definition 

A luncuon^) IS said to have a minimum value in an interval I at if x. is in / and if 

fix^^fix) (or all X in /, The number/fx^) is called the minimum value of/(x) in 1 and x. 
IS called a point of minimum of/(x) in I. 
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In Fig. 4.11, J = j:q is a poim of maximum of /(a.) m ihc iiucrval (a. b). In Fig. 4.12, x=Xa 
US' a point of minimum of g(x) in the interval («, b). 



Xg IS a point of maximum ^ Xg is a point of minimum 

/(.g>/(x,) ' 

/l^o) a i' (''•j) 

Note : The functiony(x) = x docs not have a maximum or minimum in the open interval (0,1), 
whereas according to a theorem, every continuous function on a closed interval, has a maximum 
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and a minimum, For example the same runcuony(jc) = x defined in the closed interval 10 n 
has the maximum value 1 and minimum value 0 . 

Example 4 13 

Find the maximum/miniraum values ofy]:A)=4x^-4x+ 11 , for any x in R 

/(x) = 4x?-4x+ll 

= (2x-iy+10, 

(2i- l)i is non-negauve for all x 6 R and has least value 0. 


When 2x-1 = 0, thenx= — 

2 

Therefore,/(x) has the minimum value 10 atx = -L 

2 ' 

It has no maximum value in R. 


Example 4.14 

Find the maximum/minimum values of sin (2x+3) in R. 
Solution 


w.ta™ ™9. to, 1 and , 

R Hencn. max,mum valao of sin (2,+3) is 1 and minimum vjtoc is -1, 

Look at the graph of the function (p(x) in Fig. 4.13. 


in 



Fig. 4.13 
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The p 6 inis P, Q,R,S arc special poinls on ilic graph. The graph lakes a ‘lum’ at each of 
these points. You can undcrsuind intuiivcly why we say that the graph lakes ‘uim’ at each 
of the points. Those points may be called 'tlio turning points’ of the function. 

Let us consider the point P corresponding to a=j:,. 

Let (a, b) be tt small interval around a:, containing x^. If we consider 9 ( 1 ) in die interval 
(a, b), we find lliat jT], which is a point of minimum and ipfr,) is the minimum value of (p(x) 
in this interval. 

Similarly let us consider the point R on the graph corresponding to ic=x^. Let us again 
consider a small intcrv tl (e,J) around containing Xy If we consider q){x) in the interval 
we find that x, is a (loint of minimum and 9 ( 1 ^) is the minimum value of 9 (x) in this 
interval 

We say the point r ^ t, (corresponding to ?) is a (point oO local minimum and the local 
minhmiru value of 9 ( 1 :) i. 9 (c^). Similarly x= (coircsponduig lo/J) is also a point of local 
minimum and the locni ininimim value is 9 (Xj). 

In the same fa.sliii'n, we call the point x=Xj (corresponding to Q) as a point of local 
mximum and the local mneimum value at this point is 9 (x 2 ). As you can see in the graph 
the point x = x, is also .t point of local maximum. 

Defimtion 

Let/be a real function and loix, be an interior point in the domain of/. We say tliatXj, is 
a local maximum of/ (or a point of local maximum of/or simply a maximum of J), if there 
is an open interval containing x^ such lliaty(X;^>y(x) for every x in that open interval. 

Definition 

Let/ he a real function ind be an interior point, in the domain of/. We say that x„ is a 
kxial minimum of / (or i point of local minimum of/ or simply a minimum of f) if there 
is an open interval coniaining x^ such lhat/(x^ <y(x) for every x in that open interval. 

How do we find the points of local minima or local ina.\ima of a given function. Let 
us examine this. 

If Xj is a point of local maximum of/(x) ihcn die graph ofytx) around x^ will be as in 
Fig, 4.14. y4 
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As yoa can socj/lx) is increasing in the interval (x^-h, and decreasing in the interval 
CvJ^+*)-Soin(i;,-A.jg./'Cr)>Oand in {x^, x^ + h).f'(x)<Q. This suggests that/'(;to) 
mustbczcniL Similarly if Xg is a point of local maximum ofy(x), then the graph oif^x) around 
x^ will be as in Fig. 4.1S. 



As you can see/tc) is decreasing in ix-h,x^ and increasing, in (Xg, x^ + h). Sof'{x)<0 m 
(xg-h, xj and > in (r^ Xg+ fc) suggeslmg ihat/'(Xg) must be zero. 

We ba«e (be following two theorems which we stale without proof : 

Theorem. 43 

Lct/be a differentiable function. Then/' vanishes at every local maximum and at every local 
minimuuL 

Nole 

(i)/'vanishes at every local maximum or local minimum. But the converse is not true, that 
j is, evaypomt at which/'vanishes need not be a local maximum or minimum. For example 
if/W=^./'W=li?, and so /'(0) = 0; but 0 is neither a local minimum nor a local 
maximum. 

(•0 g™es the sli^ of the tangent to the curve given byy(x) at the point Xg. So when 
V x;, is a poiidof local minimum or local maximum, the tangent at Xg is parallel to the x- 
axisL 

Remark 

This theorem hdps us lo find local maximum and local minimum of functions. A search 
for these piunts may he confined to the points at which the derivatives vanish. 

The values of lire function corresponding to points of local minimum or points of local 
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maximum arc called ihe extreme values of llic funcuons, 

The derivative f\x) gives us the points of local minima or points of local maxima How do 
we distinguish whcllicr the point satisfying/'( x) = 0 is a point of local maximum or a point 
of local minimutn ? We have seen that if x, is a point of local maximum,/'(x) > 0 at a nearby 
point to the Iclt of Xg and 0 at a nearby [louit to the right of Xg. On the othci hand if Xg is 
a point of local minimum,/'(x) < 0 at a point immediately to the left of Xg and 0 at a point 
immediately to die right of Xg, Tlius, we have die following working rule for finding the 
points of local maxima or jwints of local minima. 

Theorem 4 4 {First Derivative Test) 

Let fix) he a differentiable function on f and let Xg e /. Then 
1 Xg is a point of local maximum of/fx) if 
(0 /'(Xg) = 0 

O'O /'(x) > 0 at every point close to and to the left of Xgt and /'(x) < 0 at every point 
close to and to the right of Xg 

2, Xg is a point of local minimum of/(x) if 

(i)/'(Xo) = 0 

(ii) /'(x) < 0 at every point close to and to the Icli of Xgt and/'(x)>0 at every point 
cio.so to and to the right of Xg. 

3, U/'(x„) ~ 0, but/'(x) (Iocs not change sign as x increases through Xg, then Xg is nciilicr 
a point of local minimum nor a ixiinl of local maximum. 

Remark 

If/'(Xo) = 0 and Xg is neither a point of local minimum nor a point of local maximum, then 
Xg is called a point of itdlcclion. 

Example 4.15 

Find all the (local) maxima and minima of the function 
fix) = }?-\7x. 

Solution 
/(x) = x^~12x 

fix) = 3x^ -12 = 3 (x - 2) (X + 2) 
f vaiiLslics at die points x = 2 and x=-2. 

We have to cxiuninc whether dicse points arc local maximum or local minimum or neither 
of them. 

Let us lakex.= 1.9 which is to die left ofx=2.andx = 2.1 which is to the right of2 and find 
fix) at ihcsc points. 

/'(1.9) = 3(1.9-2) (1.9 + 2) which is negadve 
/'(2,1) = 3(2.1 - 2) (2.1 + 2) which is posiUve. 
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Thus from ihc first dcrivalivc lest 2 is a local minima. 

Again let us consider ihe points j: = -2.1 which is to the left of a=- 2 and j: = —1.9 which is 
to the right of x=-2 

/'(-2.1) = 3(-2.1 - 2) (-2.1 + 2) which is positive 
/'(- 1 - 9 ) = 3(-1.9-2)(-1.9 + 2)which is negative 
From the first derivative lest x = -2 is a point of local ma.\imum. 


Sign of/'( a) 

Point .r-2 Point x =-2 

Left of 2 llight of 2 Left oi -2 Right of -2 


negative pasiUve positive negative 

Local inuiimum Local maximum 


lixanifik 4 16 

Fiml all the points ol local maxima and minima of the function/(x) = .ii:’-6r^+ IZt-S. 

Solution 

•. f'{x) = 'ix^-\'lx + Vl = 2>{x-iy 
f'{x) = 0 gives x = 2. 

I'T ns see whether x:= 2 is a point of local ma mu.m or i;imiinuKi. Let us tal.e x - 1.9 to 
tl. Lit ut the poii’i \- ,1,1 to l!,^ i i il^ 

y'^(L9) = 3(19 ly hill IS a positive lU'iii.ci. 
y'(2,l)= (2,1-?/ uIikIi h a piMiive iiuiiiliei 
.. f'{x) docs not change sign as t increases ihioiigh x = 2. 

Hence, x- 2 is nciilicr a noint ot local maximum nor a point ol local ntinimiiiii. (U is a point 
of inflexion). 

Second Derivative Test 

The first derivative lest helps us in finding the local maximum or local minima, but it hikes 
Lime to vcnly how/'(x) is changing sign as x passes through the points given by/'(x) = 0. 
We have another test known as the second derivative lest which enables us to find the points 
of local maxima or local minima. 

Consider a point x„ such ihat/'(Xo)=0 ^''h/"(Xg) < U. This suggests that f' is dccicasing 
alx„, because its derivative is negative. Therefore,/'(x) is positive to the left of Xg, and is 
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ncgafivc to the right of x^, in a small interval arounJ This in turn implies that in this 
interval, f{x) is increasing upto and then decreasing. Therefore, jc^ is a point of local 
maximum. 

Thus, if f' (Xg) = 0 and /" (Xq) < 0, tlien is a point of local maximum. See Fig. 4.16. 

4 ^ 


ff(x)=0 


y 
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Theorem 4.5 • (Second derivative test) 

Let f{x) be a differentiable function on / and let e /. 

Let/"(.K) be continuous at x^. Then 

1. IS a local maximum if both fXx^ = 0 and f"{.x^ < 0. 

2. X(, IS a local minimum if both f’{x^ = 0 and f"{x^ > 0. 

Mote ■ (i) The second derivative test fails if/"(Xo) = 0. In that case we have to go back to 
the first derivative test to find whether x^ is a point of local maximum/minimurn or not 
(li) lf/"(xp) = 0 and Xj) is not a point of local maximum or local minimum, then x„ is a point 
of ‘inflection’. 

We have the following rule for finding the local minimum or local maximum of a function/: 

Step 1. Find the pomts at which /' vanishes 
Step 2. At each of these points, find the sign of /" 

Step 3. If/'(x) = 0 and /"(x) > 0, conclude that x is a local mmimum 
lf/'(x) = 0 and /"(x)<0, conclude lhatx is a local maximum. 

Example 4.17 

Find all the local maxima or minima of the function 
j{x) = ^-\2x. 

Solution 

We solved the same example using the first derivative lest. 

Let us solve this example again using the second denvauve test and see whether we are getting 
the same solution. 

Ax) = x^-I2x 

/' (x) = 3 jF -12 = 3(x" - 4) = 3(x + 2) (x- 2) 

/"(x) = 6x 

/'(x)-G-gives the points x=2 and x=-2. 

Now /"(2) = 6 X 2 = 12 (Posiuve) and’ 

/"(-2) = -12 (Negative), 

Hcnccifrom the second derivative test, wc conclude lliat 
X = 2 is a point of local minimum and 
x=-2 is a point of local maximum. 

Also wc got the same results from the first denvauve test. 

Example 4.18 

Find all the points of local maxima and mintma of the function y(x) = x‘-6x^+ 12x-8. 
Solution 

f(x) = x’ - 6x^ + 12x- 8 
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/•'(x) = 3;c^-12x+I2 = 3 {x-2Y 
/"W=6(x-2) 

/■'W-O gives r=2. 

/•"(2) = 0. 

Hence, ilie second derivative test fails here and wc have to go bade lo ihe Gisdeiivane tesL 
You have already seen that tliis point x - 2 is neither a point of kxal nMnin^im iwr a pimt 
of local minimum after applying the first derivative test So x=2 is a point of nfkxioD. 

Example 4.19 

Find all the maxima and minima of the sine function. 


Solution 

Let /(x) = sin x, 

Then/'(x)= cos X. 

The points at which /' vanishes arc 

IT It It 

— , — ± rt, — ± 2it, .., 

2 2 2 


Next, /"(x) = -sinx. 


„ ^ 7T 

/" (— ) = -sin — =-l is negative. 


TC K 

f"{ — ± Tc)=-’Sin ( — ) = 1 is positive, 
2 2 


Generally,/"(—iitw) is negative ifn is an even in tegcr and positive if «is an odd iolcgcr. 


Therefore, for the function sin x 

TC 7C TT 

— , — ± 27t , — ± 4rt,... are local minima 
2 2 2 

7T ' K 

and — ± n , ± 37t,... arc local maxima. 

2 2 


Maximum and Minimum Values in a Closed Interval 

Consider the function/(x) defined in the closed interval [a, 6] whose gi^ is dwwn 
in Fig, 4.ia. 

What is the maximum and minimum values of/(x) in [a, b}. Evidaaly the maxiinuni 
value is f(a) and the minimum value isf(Jo). Recall that in the interval la, is a 

point of local minimum and the local minimum value of/is/(x:j).. 



168 


MATHEMATICS 


Fig, 4,18 



Similarly x = Xjis a point of local maximum and the local max imum value of/is/(Xj), 
Bill nciihci/(Xj) i,s ihc maMnium value of/(x) in [a, b] nor/(x,) is ihc minimum value of 
/'ll, in \a, /)]. '^'c say, in ilie niicrval [a, b],f(a) is Ihe absoluu inmimum value of/(x) 
or simply maximum value of/fx) and/^h) is Ihe absolute minimum value c(J[x) or S'lr.ply 
I'liniiTimn value Qf/(x). The dnsiinclion between absolute raaviiru'ni value and the local 
maximum (minimum) value musi be dear now. li is possible dial in a i ix'cn inierval, die ab.soluie 
maximum, value of die funciion and the local maximum value ma\ Ik, the same, 

The lollowing theorems (Proofs arc not given) help us to fine) the absolute maximum 
and minimum value of a function on an inicrx'al /. 


'Him cm 4.6 

Icijh: a continuous funciion on an interval / of the type a<x^i Then/has the maximum 
value and aiiains it at least once in I. Also/has the minimum value and attains it at least 
once in I. 

I Ills dicorcm asserts that/has the maximum value and the minimum value in a given 
dosed interval. 
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Theorem 4.7 

If a tliffcrcnuablc funciion/aiuins ius maximum value al an interior point of its domain 
then /'(aTo) = 0. 

Theorem 4.8 

If a differentiable function /attains its minimum value at an interior point of its domain, 
then f'{x^ = 0. 

How do these theorems help us in solving the practical problems. They say that the search 
for interior points where the (absolute) maximum or minimum values are taken by the function 
may be confined to those points where the derivative takes the value 0. In other words, it 
makes this search simpler. It leads to the following rule for finding the maximum or minimum 
values of a function in a given interval. 

Step 1 ; Find all the points where f' takes the value /ero 

Siep 1 : Take the end valuc.s of titc interval 

Step 3 : At all these points calculate the value of/ 

Step 4 ; Take the maximum and minimum values out of the values calculated in step 3. 
Example 4.20 

Find the maximum value of x^-x^ on the interval [0, 1], Find also its minimum value on 
this interval. 

Solution 

Lcl7i;jc) = x»-x“. 

Thcn/'(x:) = 50x^’-20x>5, 

Our first step is to find all tlio.se points where/' takes the value zero. 

If/'(x) = 0, then 5()jr^’ = 2(k‘’; tlicn 
either j:= 0 or 50 a’®=20. 

If 50x:^“ = 20, then Jt = 

Therefore, jc = 0 and x = ^stre the only two points where/' takes the value zero. 

With these two points, we take the two end points 0 and 1 of the interval. Totally we get 
only three points. At these three points, we calculate the value of/. 

/( 0 ) = 0 

A 1)=0 
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This IS a negative quanlily. 


Of these three values, the maximum value 



IS 0, and the minimum value iy 


Therefore, our answer is ; 

The maximum value of f(x) on (0, 1) is 0. 

The minimum value ofJix) on (0, 1) is 



3 


Example 4.21 

A jet of an enemy is flying along the curve y=x:^+2. 

A soldier IS placed at the point (3,2), What is the nearest distance between the soldier 
and the jet ? 


Solution 

For each value of jc, the jets’ positron is (jt, x*+2). 

Lai fix) be the square of the distance between this position and the soldier. Then 
/■(x) = Square of distance between {x, a:^+2) and (3, 2) 

= {x-'i)^+ix^+2~2y 

= ix~3)^+x* 

First, we find the minimum value of jT'x). 

For this purpose, we differentiate : 

/'(j:) = 2(x-3) + 4x’ 

= 2(x-l)(2i^ + 2jt+3). 


The only point at which /' takes the value zero is x = 1. There are no real roots for 
2x^+2x+3 = 0. 

(There arc no end points ot interval to be added to this set). 

The value of/ at this point is 
yi:i) = (l-3)^+l*=4 + l = 5. 

Thus, 5 is the minimum value of fix). 
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(Why is lliis nol ihc maximum value ? We check ihai/(0) = 9>5. 

Tlicrcrorc,5 cannoL be Uic maximum value. Bui tlicn whal is Uie maximum value, It does 
not exist m iliis example). 

Remember Lhai f(x) is ihc square of die required distance. Therefore, the minimum disiance 
reiiuircd is VT 


KXKRCISK 4.5 


1. Find die maximum or minimum values, if any, of the following functions without using 
the denvatives ; 


(0 

(2x:-l)^ + 3 

(li) 

-(x-I)*+10 

(iii) 

9x^+l2x + 2 

(iv) 

1 

(V) 

1 x + 2 1 

(vl) 

— 1X +11 + 3 

(vii) 

sin 2x + 5 

(viii) 

1 sin 4x + 3 1 

(ix) 

sin sin x 


2. Fr d the local maxima or Icxial minima, if any, of the following functions, using the 
first derivative lest only. Find also the local maximum or local minimum values, as 


die ease 

(') 

may be : 

Tlic consuint funcuon a 

(xi) 

1 

(ii) 

x^ 

FTT 

(iii) 

I 

h 

(Xll) 

sVx^-d, x>0 

(iv) 

cos X, 0 < X < a: 

(xiii) 

xV l-x, X > 0 

(V) 

sin 2x, 0 < X < a 

(xiv) 

Sin^x+ cos^x, 0 < X < ^ 

(Vi) 

sinx + cosx.,0<x<^ 

(xv) 

sin 2x~x, 5x5^ 

(vii) 

•* 2 
sin x-cos X. U < X < 2a 

(xvA 

(x-3)^ ^ 

(viii) 

x^'-&x^ + 9x+ 15 

(xvii) 

x\x-iy 

(ix) 

(x-l)(x + 2)- 

. (xviii) 

x\2x-iy 

(X) 

X 2 

(xix) 

-{x-iy(x+iy 

— + ~ , x>0 

2 X 



3. Find the local maxima or local minima, if any, of the functions, given in exercise 2 
above, using the second derivative test. Indicate if the second dcrivauve lest fails. 

4. Prove that the following functions do not have ma.xima or minima 

(i) e* 

(ii) log X 
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6 . 

7. 

8. 


9. 

10 . 



12 . 


13. 

14. 

15. 

16. 

17. 

18. 

19. 


(iii) jc + 2 

(iv) x^+x'+x+l 

Find the absolule value and the absolule minimum value of the following functions in 
ihe given intervals 

(i) y(x) = x3 in [-2, 2] 

('0 /(Jc) = (x-l)*+3 in [-3, 1] 

1 

(ill) f(x) = {.--xy + x^ in [ -2, 2.5 ] 

(iv) /(x) = sin x + cos X in [0,7i] 

(v) yi;x) = 4x--x’in [-2, 4.5] 


Find the maximum profit that a company can make, if the profit function is given by 
p(x) = 41-24x-iax’'. 

Find both the maximum value and the minimum value of Sx* - 8xH 12x^ - 48x + 25 on 
the interval [0, 3]. 

Find both the maximum value and the minimum value of 3x^ - 8x^ + 12x^- 48x + 1 on 
the interval [ 1, 4] 

At what points in the inlc.r\'al [0,27t ] does the function sin 2x attain its maximum value ? 

What IS the maximum value of the function sin x + cos x ? 

Find the maximum value of 2x5 - 24x+ 107 in Uie interval [1,3], Find the maximum 
value of the same function in [-3, -1 ] 

It is given that at x= 1, the function x^-62x^+axH 9 attains its maximum value, on 
the interval [0, 2], Find the value of a. 

Find the maximum and minimum value of x+sin 2v on [0, 2n ] 

Find the numbers who.^e sum is 24 and whose product is as laige as possible. 

Find two positive numhers x and y such that x+y = 66 and xf is maximum. 

Find two posiuve nunibr,,.. x and y such that their sum is 35 and the product xV is 

rninirmim * ^ f U 


Find two posidvc nMinl)cr.s whose sum is 16 and die sum of whose cubes is maximum. 

^ without top. by cutting 

a square from each corner and folding up the flops to form the box. What should b^ 

A rectangular sheet of tin d^i cn bv em ic in k,. . 

/*, II rr /• ) ^ lo be iiiwids inio i\ IKDX wiiholiL ion bv 

I sc u ai me ^01 lime of the box is maximum possible 
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20. Show that, of all the rectangles inscribed in a given fixed circle the square has the 
maximum area. 

21. A beam of length 7 is supported at one end. If W is the uniform load per unit length, 
the bending moment Af at a distance x from the end is given by 

1 1 

M = — lx - — Wx^ ‘ 

1 1 

Find die point on the beam at which the bending moment has the maximum value. 

22. Of all the closed cylindrical cans (right circular), which enclose a given volume of 100 
Cubic centimetres, which has the maximum surface area. 

{lUnt : v=Kr^h and A' = 2?cr^ + 2rrr/i. Express 5 ns a function of r). 

2J. A wire of length 2iim is to he cut into two pieces. One of the pieces is to be made 
into a .square and the other into a circle. What .should be the lengths of the two pieces 
so that die combined area of the square and the circle is minimum, 

24. The combined rc.si.stance R of two rc.sistor,s' /?, ami 7i’j (/i,, 7?j>0) is given by 
1 1 I 

J ■ ^ 

If /?,+/?j=C (a constant), .show that the inaxumim resistance R is obtained by 
choosing /t^ = 

4,6 Rollc’.s Theorem 

Consider the dircc function,s : 

I .s’in X 
2. r'-4x+.) 

.T sin X- cos X. 

'file fust function, i.c sin i vani.shc.s (ie. takes dic value „cii)) at the points 

0, bir, ± 2jr,... 

Its dcrivattvc is cos x 

7t 3ir 

It vaiiLshcs at the points ± — , ± —,... 

2 2 

We note diat between tmy two points where sin x vanishes, there is a point where its derivative 
cos X vanishes. 

jt 

For instance, between 0 and re, there is ■—; 

2 

3tc 

between n and 27t. there is —; and so on. 

2 

The second function, i.e. a:^-4j: + 3, vanishes at and jc=3. 

Its derivative is 2i:-4. This derivative vanishes at Jt = 2, 

Here again 2 is between I and 3. Thus, between the two points where the function vanishes, 
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there is a point where its derivative vanishes. 

The third function, sin jc-cos x vanishes at the points 

n It It 

— , — +7C, —±27C,... 

4 4 4 

Its derivaPve is cos x + sin x. It vanishes at the points. 

71 7t 7t TtC 

4 2 4 2 

7C n 71 7t 

Here again between — and- 1 - tc , there is — + — and so on 

4 4 4 2 

Between any two points where sin x-cos x vanishes, there is a point where its derivaUvc 
vanishes. 

These observations in the above three example make us ask the question : Is the observed 
result accidental in these examples ? Or is it true in general that between any two points where 
f{x) vanishes, there is at least one point where/'(x) vanishes ? 

RoUe’s theorem asserts that the observed result is a general truth. We need not assume 
that/is defined on the whole R, as it happened in the above examples. Let o < h be two points 
such that f{x) =f(b) = 0. Then it is true that there is a point c, a <c<b, such that/'(c) = 0 
What all we have to assume is that/is differentiable in the open interval (a, /;) and continuous 
in the closed interval [a, b]. The assumption of differentiability is reasonable because the 
conclusion is about the vanishing of the derivative This assumption implies that / is continuous 
in (fl, b). It IS reasonable to assume continuity at a and b also, because the hypothesis 
f(fl) = 0 =fib] has no effect on the behaviour of/in (a, b), in the absence of this assumption. 

Theorem 4.9 {Rolle's theorem) 

Let/be a real function defined in the closed interval [a, b] such that. 

(i) m=m=Q 

(li) / IS conunuous m the closed interval [a, b) 

(rii) /(x) is differentiable m the open interval (a, b) 

Then there is some point c m the open interval [a, b) such that/'(c) = 0. 

Remark 1 

Some authors sta te^oll e’s Theorem, by relaxi n g condi ti on (i) as/(a) = f(b), without requiring 
Siem to be neceismUy'zerd. TtuTst^ment is also correct. In fact these two statements are 
equivalent This can be seen by taking g(x) =/(x) -f{a) and observing that g{a) = gd}) = 0 and 
thatg'(x)=/'(x). 

Note In view of the above remark, for verifying Rolle’s theorem in specific problems, it 
IS enough to ensure/(a) =Ab), instead of requiring/(a) =f{b) = 0. 
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be more than one such r. Because/is continuous on [a, bl it attains its maximum 
nlue at some point in [a, M. as stated in the last section. If this point happens to be an interior 
n? then r vanishes at that point, by the theorem of the last section. Are we not very near 
[he conclusion of Rollc’s Theorem ? Yes. except lor the case when the maximum is attained 
at fl or h V/c omit the furtlicr details of ilie proof 


Geometric meaning of Rolle s Theorem 

Under Qie assumptions of Rollc'.s theorem, die graph of/slarLs at {a. 0) and ends at (b, 0) 



tl) 



(ii) 

Fig. 4 19 
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Fig 4 19 

The conclusion is that there is a point c between a and b, such that die Lnn-eiit to the graph 
(c,/(c)) IS parallel to the x-axis 

(Note /'(c) = 0 means the slope of the tangent at (c,/(c)) is zero). 

This IS believable because, if the graph is fixed, but the segment («, hi is mcived upwards 
and downwards keeping it parallel to thcx-axis, it must somewhere liccome a iniigcnt to the 
curve, as indicated in the diagram You will learn the rigorous proof in higher classes 
Now we solve some problems to understand Rolle’s theorem more clearly 

Example 4 22 For the function sin x:-l on ^ 

2 2 

theorem. 


, venfy the truth of Rolle’s 


Solution 

Let/(j:) = sin x-l 

Then / | y j =l-i = o. 

and / I Y ) =1-1 = 0 

The function/(a:) is differentiable everywhere (and so continuous). 
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Therefore, Ihe conditions' of Rollc’s ilicorcm hold good. To verify the conclusion, we fust 

find that 

f{x) = CO.S X. 

% St: 

We are now looking for a point c between — and — such that cosc = 0. We know 

2 2 

K Tt 

COS — but we can’t lake c = —, This is because the c of Rolle’s theorem has to be in the 
2 2 

/ Tt Sre \ 3it 

ooen interval , — . We take c = — and verify that cos c = 0. 

\ 2 2 1 2 

Exatnple 4.23 

Lec/(x) = (x-l) (x~2) ix~3) on the interval [1, 3], Prove that Ihcre is more than one c in 
(1, 3) such lhat/'(c) = 0. 


Solution 


f\x) (u - 1 ) (x - 2) + (.r - 2) (jc - 3) + (t - 3) (jc - 1) 
= x’'-3x + 2 + x^~5a + 6 + x^-4.* + 3 
= 3x^-12x+ll. __ 

12 + VT44-132 - 

The roots of J\x) = 0 arc-2 


7T‘ 


Both these roots are in tlic open interval (1,3). Thus. Uierc are two points c in (0,1) such that 

/'(c) = 0. 


I 

EXERCISE 4.6 


Verify the conditions of Rolle's ihcorcm in die folic wing problems,! dirough 6. In each case, 
find a point in the interval where the derivative vanishes. 

1. x*-lon[~l,lJ 

2. (x"-l)(x-2) on [-1,2] 

3. sin X - sin 2x on [0, n] 

4. log (x^+2)-log 3 on [-1. 1] ' 
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5. e'-** on [-1, 1] 

6. sm x + cos x-1 on 



7. It is given that for the function 
^x)=x’-6x^ + ax+b on [1, 3], 

1 

Rolle's theorem holds with c = 2+ —. Find the values of a and b. 

{3 


8. At what points on the following curves, is the tangent parallel to the x-axis 7 

(a) 3 i=x’on [-2, 2] 

(b) }i = cos x-1 on [0. 2] 

4.7 The Mean Value Tlicorem 

In Rolle’s theorem, we assumed that the end points of the graph were on die x-axis, and 
concluded that somewhere on the graph, the tangent is parallel to llie x-axis. 

We now improve this result, by saying that x-axis is not important here, We say that 
if the end points of the graph are on a line, then there is a point on die graph, where the tangent 
is parallel to that line, In other words, there is always a point on the graph, where die tangent 
IS parallel to the line joining the end points of the graph, 

Suppose we call the line joining any two points of the curve as a chord 01 the curve, 
Then our improved theorem reads as under : Given any chord of the graph of /, there is a 
point on the graph where the tangent is parallel to this chord as shown in Fig. 4 20. 



Fig. 4,20 
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In other words',to rosuuc dtis theorem, we do some work using coordinate geometry 
Let (a, fin)) be two pnini-s on the graph of f. We may assume a<.b. Then we assert the 
existence of c, a<r <h .such titiit the tangent at {c.fic)) to die graph of/, is parallel to the 
chord joining [a,Ad)) and [h,AlA\ 

We know that two lines arc parallel if and only if they have the same slope. 

The slope of the chord here is .same as the slope of llie line joining [aA ^)) and {b,A^) )■ 
By a known formula, this is equal to 

Ab)-Aa) 

b-a 

On the otlicr hand, the .slope of the tangent at (c,y(c)) is/'(c) (We have already seen 
this meaning of the derivative). Thus our c is to .satisfy 

m-Aa) 

f (C)=—- 

b~a 

Now we are ready to state • 

Theorem 4.11) 

(The Mean value theorem) : Lot / be a real function, continuous on the closed interval 
la, b\ and differentiable in the open interval (a, b). Then there is a point c in the open interval 

(a, b) such that / (c) =-- 

h-a 


Remark. 

Wcshall notgivcprool of this result. We point out that m the particular case whcre/(£i)=/(b), 
fib) -Aa) 

the expression -becomes zero. Thus when/(a) =/[b),/'(c) = 0 where c is in (o, b). 

b-a 

Thus, Rollc’-S theorem becomes a particular case of the mean value theorem 


Physical Meaning of the Mean Value Theorem 

Imagine a car running on a straiglu road. At llic time a let its position be/(a), Afterwards, 
at the lime b, let its po.sition bc/;/j). Then/(ft) -/(o) is the distance travelled and b-a is the 
Ab)-Ad) 

time taken Thus-is the average speed of ihc car. 

b-a 

Now consider the speedometer of the car that shows the speed at any instant The 
speedometer reading is the value of/' at that time. 

What the mean value theorem says is that at some point of time between a and b, the 
speedometer reading would have been equal to the average speed of the car 

If the car has travelled 80 km in 2 hours, at some time the speed must have been exactly 
40 km/h. We beheve it because it cannot always be less than 40, nor can it be always greater' 
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lhan 40, and so the pointer has to cross the 40 km mark at some time 
Remark 


The word ‘mean’ means average. Here we are considering the average value 

and are asserting that it is one of the values taken by the derivative 
We provide some examples below to understand mcanvalue theorem. 


b-a 


Example 4 24 

Verify the truth of mean value theorem for the function sm x on the interval 
7t 571 ' 

. 2 ’ 2 , 


Solution 

sm X IS differenUable everywhere. Therefore, the assumptions of mean value theorem liold 
good. On this interval, the mean value is 

571 7t 

sm-sin— 

2 2 1-1 

---= 0 . 

57t 71 27C 

2 ” 2 


We want to venfy that the derivaUve of sm x, namely cos x, takes this mean value 0, at some 
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Example 4 25 

On Ihe curve y=x^, find a point at which the tangent is parallel to the chord joining (0, 0) 
and (I. 1). 


Solulion 


The slope of tiie chord 


1-0 

is-- 1. 

1-0 


dy 

The derivative is — = 2x. 

dx 

We want x such that 2x = 1, 

1 

Thus x =—. 

2 

We note that — is in the open interval (0, 1), as required in the mean value theorem. 


The corresponding point on the curve is 

EXERCISE 4.7 



Verify the conditions of mean value theorem in the following examples 1 through 8 , In each 
case find a point c in the interval as stated by the mean value theorem. 

1. x^-lon[2, 3] 

2. x’-2x^-a: + 3 on [0. 1] 

3. sin A-sin 2x on [0, rt] 

4. log jc on [1, 21 

5. on [0, 1] 

6. ax? + bx?'+ cx+ c on [0, 1] 

7. X on [a, b] 

8. The constant function a on (a, b) 

9. Find a point on the parabola y = (x-3)*>where the tangent is parallel to the chord 
joining (3, 0) and (4, 1) 

10. Fmd a point on the graph of ywhere the tangent is parallel to the chord joining 
(1, 1) and (3, 27). ' ■ ■ 
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4 .8 Tangents and Normals 

In this section we shall use differentiation to find the equation to the tangent of a given curve 
at a given point, and similarly of the normal of a given curve at a given point. 


Theorem 4,11 

Let y =f(x) be a curve, and let (X;,, y^) be a point on the curve. The equation of the tangent 
at (Xo, yo) IS 

y-yo=/'W(^-^o)- 

The equaUon of the normal at (Xj, y^ is 
(y-)’o)/'W+(J^-^o)=0- 


Proof: 


Let 1 be the tangent at (x^, y„) to the curve y=/(x). 

Then as discussed in chapter 3, the slope of I is/'(x^, also / passes through y^. Therefore 
Its equation is 

y-yB=f'iXa){x-x^ 


The slope of the normal at (x„, y,^ is-if /'(x^) 0. 

f (^c) 

Hence, the equation of the normal at (x^, y^) when /'(x^) 0 is 
1 

f(Xo) 


This may be rewritten as 
(y-yo)/'(xo) + (x-x„) = 0 

In case/'(X(^ = 0, the tangent is parallel to the x-axis, therefore, the normal is parallel to the 
y-axis. But it passes through (x„, y„). Therefore Us equation is x = x^. We note that this 
equation x = x„ can also be written as 

(y-yo )/'W + (^ - ^o) = 0 since /'(xj = 0 
Thus, the equation of the normal at (x^, y^) can be written as 
(y-)'o)/'W + (-^-^o) = 0 


Example 4 26 

Find the point on the curve 

y=x^-llx+5 at which the tangent has the equation y=x-ll. 
Solution 

At a general point (x, y) on the curve, the slope of the tangent is given by 
dy 

— = 3x^-ll, 
dx 

If the equation of the tangent is y=x, then its slope is 1. 
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This happens at a poini (x, y) where 11 = 1. 

This gives 3 a:^= 12 and therefore jc=+2. 

When ;c = 2. y = 8-22 + 5 = -9 
When x = -2, y = -R + 22 + 5=19 

Then two poinLS are. therefore, (2, -9) and (-2. 19). Of these two (2. -9) lies on the line 
y=j:-ll, but (-2, 19) does not. Therefore, the required point is (2, -9). 

Example 4.27 

Find the equation of the tangent to the ellipse 



Solution 

dy 

First we find —. 

dx 


y^ 

Differentiating— + — =1 with respect to x, 
c?- 

2x 2y dy 

-h 

0 ^ dx 

dy 2x bx 

dx b 2> oV 


The slope of the tangent at (Xj, yj) is, therefore, - 

Also, the tangent passes through (xj, yj). 
Therefore, its equation is ' 

b^Xj 

y-^i^ - — 

0^1 

This can be wntten as 

a’j’i (y-yx) + b\ Cx-Xi) = 0^ 

This can also be written as 

^ + EL- ^IL. 

b ~ b b 

But since (Xj, y^) lies on the ellipse, we have 



Therefore, the equation to the tangent at Otj, Vi) becomes - + 


- 1 
b 
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EXERCISE 4.8 


In problems 1 through 8 find the equation of the tangent and normal to the given curves at 
the points given .— 

1. }'=:r^-h;c> + 13jc^-10x+5 8t (0, 5) 

2. )<=x^-6x^ +13x^-lQx + 5 at (1, 3) 


3. y^x^ata, 1) 

4. y=x^at(2, 8) 

5. )'=x^at(0. 0) 


6. x = cos I, )i = sin I, at t= — 

4 

7. 16x* + 9)1^ = 144 at (Xj, y^) where Xj = 2 and y, > 0. 

X* 

8. y=—at (2,-2) 

4-x 


9. For the curve y = 4x= -2x* find all the points at which the tangent pn^iics througn the 
origin 


10 , 

11 . 


Find the equation of the normal at the point (am^ am^) for the curve ay^= 3 ^. 
Show that the equation of the tangent to the hyperbola 


XX, 


1 at Xo, y„ is — - ^ = 1 . 
a* 6* 




12. Find the equation of the tangent to the parabola >« = 4 ox at (ai\ Tat). 

4.9 Differentials and Approximations 

In this section, we give a^meaning to the symbols dx and dy in such a way that the onginal 

meaning of the symbol ^ coincides with the quotient when dy is divided by dx. We use 

this to find approximate values of certain quantities. 

Let y be a given function. 

Then Ax denotes a small increment in x. 

We use dx also to denote the same, 
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We take dy as lire product of dx and the already familiar derivauve — i.e. we take 

dx 

dy= I ^ I • 

On the other hand the quantity/(x + Ax) -/(x), which is really the corresponding increment 
in y, IS denoted by Ay. 

Note that Ay and dy are not usually the same. We may regard dy as an approximate value 
of Ay. You can understand the geometrical meaning of Ax, Ay, dx, dy from Fig. 4.22. 



In many practical situations, it is easier to calculate dy but not Ay. dx is called the differential 
of X and dy is called the diffcrenual of y. 

Example 4 28 

Use differential to approximate -(252 

Solution 

Take y = Vjr 
x=25 
dx=0.2 

Then Ay= V25.2-V25 = V212-5 
.-. V25,2=5+Ay, 

Now Ay is approximately equal to 
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dy = 


dx 


dx=-^. ( 0 . 2 ) 

i-Tx 


1 

= —=^(0.2) = 0.02 ■ 

2i25 

Thus.V 25 2 IS approximately equal to 5.02. 

Example 4.29 

Use differentials to approximate the cube root of 26 


Solution 


Let y = X ^ 

Take X = 27 
dx = - 1 

So that X + dx = 26 

J. j_ 

Then we want (x + dx) ^ . Now, Ay = (x + Ax) ^ - x 
- i- 1 ± 

= (27 - 1) 3 _ 3 = (26) 3 _ 27 3 ^ (2^) 3 _ 3 _ 

•. 26 ^ = 3 + Ay. 

Here, Ay is approximately equal to dy and 



_2_ 

= -^(27) ^(-l)atx = 27 


26^ 


= — — f-11 - 1 

is approximately equal to 3 - J- = ®Q 

21 21 ' 


EXERCISE 4.9 

In problems 1 through 5, find the approximate values 

1. Cube root of 0.009 


\_ 

3 


usmg differentials. 


2. Fourth root of 15 

3. Fourth root of 255 
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4. V40r 

5. /a037 

6. If 3 ' = !^ -10 and if x changes from 2 to 1.99, what is the approximate change in y 

71 22 

7. //y = sin x and x change.? from — to — what is the approximate change in y 7 

2 14 

8. A circular metal plate expands under heating so that its radius increases by 2%. Find 
the approximate increase in the area of the plate if the radius of the plate before heatuig 
is 10 cm. 


4,10 Curve Sketching 

In tliis section, wc use the results of differential calculus to sketch some curves. These results 
will be u.sed to find : 

In which intervals is the curve increasing 7 
In which interval,? is it decreasing 
At which points docs the curve lake a turn ? 

We can use these, together with the observations of symmetries, to sketch the curve to a 
considerable extent. 


Example 4 30 
Sketch the curve 

This is a polynomial function and hence continuous on E. 


Solution 


Put x=0. Then y = 0. So (0, 0) is a point on the curve. 

If y = 0, then x(jc^- 4) = 0. Therefore (2,0) and (-2, 0) are also points on the curve. These 
arc the three points where the curve meets the x-axis. 
dy 

Differentiating, — = 3x:*-4, 
dx 


This derivative is positive when ^ 
2 -2 

ie. when either x> or x> 

VI VT 


The derivative is negative in the interval 


( ' V3 ’ VT^ 
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Therefore, the curve is increasing upto decreasing upto ^ and then again increasing. 

“2 9 

x = ^, IS a point of local maximum and x = is a point of local mmimum. When 



8 _ 8 
3V3 T3 


-16 -2 

=-=- . When X = - 

3Vr 3 



Next, whenever (x. j) is a point on the curve, (-x, -y) is also a point on the curve. We say 
that this function is an odd function. 

The curve has a symmetry about the ongin. 

With these ideas, we sketch the curve as shown in Fig. 4.23. 



Fig. 4 23 

Example 4.31 

Sketch the curve y = sin 2x. 
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Solution 

First wc fintl the points where the curve y^sin 2 x mccLs the ji-asix. For this we put 
j=0. Wc get y - 0. 

Therefore, the origin (0, 0) is on the curve 

Next wc find the points where the curve meets the x -ms. 

For this we solve the equation sin 2x = 0 We get x = 0, ± ± tc, .... or x = ^^where 

n is an integer. 

Next we observe that sin 2x is an odd function since sin 2x = - sin (-2x), i,e. whenever 
(x, y) IS a point on the curve, (-x, -y) is also a point on the curve. Therefore, the curve is 
symmetric with respect to the origin. 

y = sin 2x 
dy 

—— = 2 cos 2x 
(lx 

(Py 

—-v = - 4 sin 2x 
cbP 


dy % 3jc 5jt 77t 971 

S '0gi»ra,=.± —, ± — , ± — . ± — , ± — 


(P-y , 

Examinmg the sign of — at these pouits, we get that — is negative at x = j—, 
(bp- djp 


Sn pTt 


-371 -In 


•Jit 17j — 

,.... and at X — ^ .... 


Also ^ is positive at x ^ • -• at x = So the points 


(bP 

~T' T 


and X = .... arc points of local maximum and the local maximum 

' A ^ A ’ A ’ •* 


value at these points is 1. Similarly the points x = ,... and 

37 c In 

4 ' 4 > - 

are points of local minimum and the local minimum value at these points is -1. Lastly we 
observe that sin 2x = sin (2x + 2?:) = sin 2 (x + 7t) for all x. This means that the periodicity 
of the function is rt or in other words, the pattern of the curve repeats at intervals of length tc. 

With these ideas, we sketch the curve y = sin 2x in Fig. 4.24. 
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Example 4 32 

Sketch the curve ^ = 2 sm 2x 

Solution ^ We find that the points where >1 = 2 sin 2t meets the coordinates axes are the same 
points Where y = sin 2r meets them. Further the/' (2 sin 2x) = 0 gives the same points as 

given by / (sin 2r) = 0 and the sign of/"(2 sin 2x) will be the same as the sign of 
f (sin lx) for any value of x. 

'IJiis means die points of local mmima or maxima of y = 2 sin 2x are the same as the points 
vmTT^: o' " be 2 and minium 

value wiUbe-2. The curvey = 2sm2x IS sketched inFig. 4.24 along with the curvey = sin 2 x. 

Example 4.33 

Sketch the curve y = sm^x. 

Let us now consider y = sin^x. 

First we note that it meets the x-axis in the same points where y = sin x meets the x-axis. 
Again sin^x > 0 for all x. 

“ri:™ ‘ »■ 
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Sketch ihe following curves: 

1. y = 2 cos X 

2. y = -sm 2jc 

3. y = x H 1 

4. y = {JZ^ 

5 3> = -1 

6. > = (x-l)(x-2)(x-3) 

7. :y = x^-l 

8. y = sin^x 


CHAPTER 5 


MATHEMATICAL LOGIC 


5.1 What is Logic ? 

S-i~S='=='53S 

of SCI tory (know, as axiomaiic scl“»“) S“v3c Bol w 
BMta 0S = ft ■“ ^ "omcimcs calS 

has gamed added taptrce ' * ^ lOBih 

5.2 Easic Assumptions 

i" sense 

ihe semcncas *™gahvc nor eaclama.oo'. In Ihis sense, 

■me eat Pussy is black in colour' ,s a slalmenl, while ihc following sentences are no, 
Bring Pussy the black cat here’ 

‘Is Pussy a black cat ?’ 

How Black is [he cat Pussy !’ 

Any slatcmcnt is assumed to be eiihnr /Mva. nr 

A statement cannot be both true and fake n il valid or invalid 

0/ tke cxclM.d mddU • f*' “ same time. This fact is known ns the hw 

^ ^ 

^ j.™. .r . “ - 


^--—- -O ““ ObaiwlLL'llL 1^ line 

Some authors distinguish bctwccn7^em.«/ anH .---- 

IS a sensible combination of words while a nmnnc’i as follows : A statement 

to be true or fafte. Alto, Tto sue T 2" “ -T“' *" ™ 
ge .0 Mudms" arc mken as .atert^r^lalX^^rolt”" 
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or false. For example, the sUilcmcni 
‘The sum of 2 and 3 is 5' 

is true and ha.s Lruih value ‘True’ or ‘T’ in abbreviated notation On the other hand the statement 
‘Every set is a rmitc set’ 

is false and has therefore truth value ‘False’ or ‘F’ 

Consider the .sentence : jc + 5 = 7. The truth of the sentence is open ull we are told what Jt 
stands for. Sentence such as a: + 5 = 7 are therefore, called ‘open sentences’. An open sentence 
is, thus, not a statement. 

Consider the sentence 
x + 0 = x 

for JC m a suitable domain of numbers. You know that this is a true sentence whatever be 
Jt, and .so is a statement with truth value T. Identities thus turn out to be statements. 
Example 5 1 

Which of die following is a statement (or proposition) ? 

(i) Listen to me, Krishna ! 

(li) 17 is a prime. 

(iii) + 5x + 6 ~ 0. 

(iv) 6 has three prime factors. 

Soluiion 

(i) is imperative and is not propasiuon or a statement, 

(ii) is a statement and has truth value T. 

(iii) is not a statement. 

(iv) is a statement and has Uaith value T 

Example 5.2 

Slate the truth values of the following : 

(i) There arc only finite number of rational numbers. 

(ii) There is only one triangle apart from the triangles (congruent to it) with prescribed lengths 
for sides a. b, c with a < b + c. 

(iii) The quadratic equation ox^ + bx + c = 0, a o, has always two real roots, 

Solution 

Truth value of (i) is clearly F, (n) has truth value T, (in) has truth value F, since it will not 
have real roots if - 4ac < 0. 


EXERCISE 5.1 


1. Find out which are statements and which are not Justify your answers 
(a) Two non empty sets have always a non-empty intersection. 
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(b) The real number x is less than 2 

(c) Two individuals are always related. 


2 Write down the truth value (J/F) of the following suttements 
A triangle one of whose vertices lies on a circle and whose side 
diameter of the circle is a right angled triangle. 

11 There IS always a real root for any quadratic equation. 

(Ill) The number of ways of seating 2 persons in two chairs out of 

S.3 Use of Venn Diagrams in Logic 


opposite to this vertex 


n persons is n P 2 


( 1 ) 


Consider the statements ‘All teachers arc scholars’. 

Does Ve rnfr'"'* having truth value T. 

Docs the following statement (2) follow from (1) 9 

There are some scholars who are not teachers. 

In other words, is the statement (2) also true ? 

set of huTrLTnll7lTfT°r™^ ^ represent the Universal 




Docs .h. Ve„„ digram rcpredcn. .he U of d,d sm,e™n. (1, ? Ve,, „ 
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Does it represent the truth of the statement (2) also ? No, since any element of S is 
in T. Thus you see that the statement (2) docs not follow (logically) from statement (1) or 
we may also say that statements (1) and (2) are not logically equivalent 


Consider the statement; 


‘No policeman is a thief. 

(3) 

Which is assumed to h. true 


Also, consider the following statements : 


‘Thieves arc not policemen'. 

(4) 

‘Men who are not policemen are thieves’. 

(5) 

Do statements (4) and (5) follow from statement (3) or, 

in other words, are (4) and (5) 


also true ’ 

Let us make use of Venn diagrams again. Let the Universal set U be the set of human 
beings. 

Let/* represent the set of all policemen and let T represent the set of all thieves. Which 
of the following Venn diagrams represent the truths of the statement (3) ? 






Fig. 5.3 

You agree that (d) in Fig. 5.3 represents tne truth of the statement (3). 

Docs (d) represent the truth of the statement (4) Yes. 

Does (d) also represent the truth of the statement (5) ? No. For example x is not a 
policemen and he is not a thief also. So (5) is false. 

Thus, statements (3) and (4) are logically equivalent. 

However, statements (3) and (5) are not logically equivalent. 

Consider the statement; 
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‘Some teachers are scholars’ . 

As you can see the Venn diagram in Fig 5.4. represents the truth of (6). 



( 6 ) 


Fig. 5.4 

Consider the following statements in this context: 

There are teachers who are scholars’ 

‘There are teachers who are not scholars’ . 

There are scholars who are teachers’ 

There are scholars who arc not teachers’ 

There arc persons who are teachers and scholars’ , 

Which of the statement from (7) to (11) are logically equivalent to (6) ? 
Refer to the Venn diagram in Fig, 5,2 again. It represents tJic truth of tJie 

‘All teachers are scholars and all scholars are teachers’ 
also expressed as ' 


(7) 

(8) 
(9) 

(in) 

( 11 ) 


statement 

( 12 ) 


Teachers are precisely scholars’ . 

(12) and (13) are said to be equal or one and the same ^ 

Example 5 3. 

Represent the truth of the statement' 

‘All rational numbers are real numbers’ by means of a Venn diagram. 
Solution 



Fig. 5.5 
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Example 5.4. 

Give the Venn diagram for the tnilh of ihe following statement: 

‘Equilateral triangles are isosceles triangles’ . 

Solution 

Denoting the set of equilateral triangles by E and that of isosceles diangles by S, we have 
the diagram in Fig. 5.6. 



1, Assuming the truth of the statement ‘All equilateral triangles are equiangular and all 
equiangular triangles are equilateral’ represent it in a Venn diagram. 

2. ‘Some quadrau'e equations have two real roots’ Express the truth of the above statement 
by means of a Venn diagram. 

5,4 Dasic Logical Connectives or Logical Operators 

Any statement or proposition whose truth or otherwise does not explicitly depend on another 
statement is said to be simple. For instance, 

‘Madras is the capital of Kerala’, 

‘The sot of real numbers is infinite’ 
are simple statements, 

In other words, a simple statement is not in any way a combination of two statements. 
On the other hand, a compound siatcmeni, is a combination of two or more simple .slalc.mcnLs. 

For instance, 

(i) V 3 is a real number and is a rational number 

(ii) The school works or a holiday is declared 
(in) If it rams, then the school may be closed 

(iv) If a and b are rational numbers, then their product is not real 

(v) The diagonals of the quadrilateral arc perpendicular if quadrilateral is a rhombus 
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(vi) II IS not Inic lhal 3 is rational 

arc compound siaicmcnls, These statements are obtained by combining or connecting two 
simple statements, Take, for example, (i). It is obtained by connecting, the statements 

‘^^3 IS a real number’ 
and ^ 

yis a rational number', 

using the conjunction ‘and’, (lii) is obtained by connecting the statements 
‘It rains’ 

and ‘The school may be closed’, 
using the phrase ‘If.then'. 

It is important to note that when defining a compound sentence we arc not bothered 
about ns truth or otherwise. For example; 3>land5<2isa compound statement. The plirases 
or words which connect two simple statements are called sentential connectives, logical 
connectives or simply connectives. 

The simple statements combining which a compound statement arises are called the 

constituents or components of the compound statement. The possible connectives are as 

follows: 

> 



Connective 

Compound statement 
formed by the 
connective 

Symbol used for the 
connective 

(a) 

and 

conjunction 

A 

(P) 

or 

disjunction 

V 

(7) 

if... then 

implication 




(conditional) 

(«)* -> 

(8) 

if and only if 

(biconditional), 



(ifO 

equivalence 

(<=i>)'^ 

(6) 

not 

negation 

(-)*- 


(a) Conjuntion 


Two simple statements connected by the word ‘and’ arc said to form a conjunction. 

For example. 

‘Rama is a boy and Sila is a girl’ 

‘8 > 5 and 7 < 5’ 

The alternative symbolism in brackets is also in use. How exactly the symbols are placed 
will be clear from what follows : 
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arc conjunclions. 

It is useful to have some notation to represent statements. Let us represent the statement by 
lower case letters like p, r, s .Thus we write 

/j: 8 > 5 and 
< 7 : 3 < 5. 

The conjunction formed by p and q is denoted by pA q. 

How is the truth value of a conjunction related to the truth values of the components ? 

(1) Ifp,q are iwo statemer\ts, p has (ruth value T, q has truth value T then we take p Aq 
too to have truth value T. 

Lct.us consider some illustration to see how this is natural. 

Illustration 

Let p ; 8 > 5 and 
g : 3 < 5. 

pAi 7 , 8 > 5 and 3<5. 

What is the truth value of p a <7 as it is ? 

Ihc truth value of p is T and of q is also T. 

We not that p a q has also truth value T. 

(2) If p has truth value T and q has truth value F we take p Aq to have truth value F. 

Illustration 

p ; 8 > 5 (T). 

9 ■ 3 < 1 (F). 

The truth values are as indicated against p and q. 

Now p A ( 7 : 8 > 5 and 3 < 1. 

The irudi value ai p a q is clearly F. 

(3) If both p and q have truth value F, we lake p a q to have truth value F. 

Illustration 

p ; 8 > 1UF) 

^ : 5 < 3 (F) 

with truth values as indicated. 

Then p a 9 : 8 > 11 and 5 < 3 has truth value F, as you can easUy see. 

We can summarise the above discussion in the form of the following table : 

p q p A q 

T T T 

T F F 

FTP 
F F F 
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(P) Disjunction or Alternation 


Two simple smicmcn^ connected by the word ‘or’ are said to form 
Jnis amounts to an alternation of two statements. 

For example, the compound statements 
‘ The sun shines or it rains ‘ 

‘2 + 3-5 or 3 > 5’, 


a dLsjunction. 


2 + 3i IS a real number or it is a complex number’ are disjuneuons. 

The disjuncUon formed by the simple statements p and q is denoted by p v q. 

As with conjunetion let us develop the truth table of disjunction. 

(1) Ifp. q are Avo mcmenis winch have truth value T. thenpvq is taken to have truth value T. 
Illustration 


Let, for instance /i ■ 8 > 3 (T) 

I? : 5 > 2 + 1 (T) 
the truth values being as indicated. 

Sopv^-8>3or5>2 + l. 

The truth value of p v ^ is T as it should naturally be. 

mi p Kas nh T md , to tmh F. , V , .Pkepu Ime Imh valm J. 

Illustration 


To illustrate this, let 
p : 8 > 3 (T) and 
9 : 5 < 2 (F) 


with the truth values as indicated. 

So, p • 8 > 3 or 5 < 2 . 


The truth value of p v ^ is clearly T. 
(3) Up and q have both truth value F, 


p ^ q too is taken to have truth value 


F. 


For example; if p . 8 > 10 (F) and 
9 . 5 <3 (F) 

with the truth values as indicated, then 
P V 9 ; 8 > 10 or 5 < 3. 

The above suitement i.s obviosuly false. ,e. it has truth value F 

Now summarising the above discussion, we have the following truth table 
P q p y q 
T T T 

TFT 
F T r 

F F F 
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Remark 

We do not bother about the order in which the component statements of a conjunction or 
disjunction occur. This would be clear from the irulh tables as well. 

In symbols pr^q = qAp, pvq = qvp. 

In the above symbolism =’ stands for the ‘same as’ in commonsense language This conjunction 
holds in what follows. In due course, it will be shown to be replaceable by another symbol 
known as ‘equivalence’. 

( 7 ) Implication or Conditional Statement 

Two statements connected by the connecuve phrase ‘if... then’ give nse to a compound 
statement known as implication. 

For example, 

‘If it rains, then the almosohcric humidity increases’, 

'If a is a rational number, then ^ is an irrational number’, 

‘If ABC is a triangle, then A + + Z C is equal to two right angles’ 

are implications. 

If p, q are two simple statements, forming thd implication 
‘If p then q\ 

then we denote this implicadon by p ^ in symbols. 

Let us develop the truth table of ‘implicatiwi’ or conditional statements. 

0) If both p and q are true we take'that p~-> q is also true. 

Illustration 

Let p : The number 14232 {-N) is divisible by 3 (T) and 
q : The sum of the digits forming N is divisible by 3 (T). 

In this case 

p q ■ If the number W is divisible by 3, then the sum of the digits forming N is divisible 

by 3. 

and its truth value is T. 

(2) If p is true and q is false, p q is taken to be false. 

Illustration 

Let p ; The number 14232 {=N) is divisible by 3 (T) 

: The sum of the digits farming N is not divisible by 3 (F) 

Then p q \ \I the number N is divisible by 3, then the sum of the digits forming N is not 
divisible by 3. 

As you know very well, the truth value of p —> ^ is F. 

(3) If p is false and q is true, p -iq is taken to be true. 
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[lluslration 

Let p : The number 14231 (=A0 is divisible by 3 (F) 

q : The sum of die digits forming N (i.e. l + 4 + 2 + 3 + l)is not divisible by 3 (T) 

Herep ^ : If the number 14231 is divisible by 3, the sum of the digits (1+ 4 + 2 + 3 +1) 
is not divisible by 3. 

is taken to be true though commonsense cannot help us to infer so. 

This assumption is made to be consistent with the assumptions. 

(4) If both p and q are false w take that p~^q is true. 

Illustration 

Let p : The number 14231 (=N) is divisible by 3 (F) 

q : The sum of the digits forms M (i.e, l + 4 + 2+ 3 + l)is divisblc by 3. (F) 

So p (j; If the number 14231 is divisible by 3, then 1 + 4 + 2 + 3 + lis divisible by 3 
has truth value T since p and g have truth value F. 

The following vs the truth table of p ^ 

p q p~)q 

T T T 

T F F 

F T T 

F F T 

( 6 ) Equivalence or Biconditional Statement 

In your study of mathematics, you have come across statements which involve the phrase 
'if and only if. For example you read the following ; 

A number is divisible by 3 if and only if the sum of the digits formini the number is 
divisible by 3. (1) 

What does this statement really mean? This means ■ 

If the sum of the digits forming the number is divisible by 3, then the number is divisible 
by 3 ( 2 ) 

which is an implication and (conversely) 

If the number is divisible by 3, then the sum of the digits forming the number is divisible 

by 3 (3) 

which is also an implication, 

Thus the statement (l)is the conjunction of two conditional statments (implications). Therefore, 
the statement (1) is called a 'biconditional statement' or 'equivalence'. 

If p, q are two simple statements, then the compound statement • 

p q and q p 
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is called a bicondiiional slaiemcnt formed by p and i? and is denoted by 
You know 

‘Two triangles ABC and DEF are congruent if and only if their coiresponding sides 
arc equal’. 

This means : ABC, DEF arc congruent triangles (p) -> the corresponding sides of A’s ABC 
and DEF are equal (q) 
and 

The corresponding sides of A’s ABC * 

and DEF arc equal (q) ABC and DEF are congruent triangles (p). 

The following are also biconditional statements ; 

‘A triangle is equilateral if and only if it is equiangular’. 

‘I is perpendicular to m if and only if m is perpendicular to 

We have already seen that p q = (p q) a (q p). Therefore,we can easily construct 

the truth table of p < 7 , with the help of the truth table for a conjunction. 


p q P-* <l-^P p q - ip q) ^ {<1 P) 

T T T T T 

T F F T F 

F T T F F 

F F T T T 


Note that the above truth table incorporates the truth tables for p q and q —> p too. 

(e) Negation 

An asserUon that a statement fails or a denial of a statement is called the negation of the 
statement. 

In our daily usage, we make statements like ; 

‘Rama is good.’ 

What should be the negation or denial of this 7 
Obviously is 

‘It IS not true that Rama is good’ 
or what is the same 

‘Rama is not good'. 

Of course, if we are agreed that anything which is not good is necessarily bad, the above 
statement can also be written as 


‘Rama is bad’. 
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As a second example consider the statement 
‘All mathematicians are men.’ 

"What do you think its negation should be ? 

Could it be . ‘All mathematicians are women’ 7 

Logically we do not consider 'All mathematicians are women’ as the negation of 'All 
mathematicians are men'. 

The negation of the statement ‘All mathematicians are men’ is taken as : 

‘All mathematicians are not men', 

Which is the same as the statement 

‘There exists a mathematician who is not a man'. 

Consider the statement 

'There is a complex number which is not a real number'. 

The negation in this case is ‘All complex numbers arc real numbers’. 

The negation of the statement 
‘3 >5’ 

IS the statement 
• 3 ^ 5 ’ 

which can also be written as 
‘31*5’. 

If p is a statement, then its negation is denoted by p. 

The truth table of negation is as follows : 

P -P 

T F 

F T 

Example 5.5 

Give the truth table for the statement ~pvq. 

Solution 

p q ~p ~ py q 

T T FT 

T F F F 

FT T T 
F F T T 

Example 5.6 

Write down the truth table for - p a ~ 
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Solution 

P <i 

T T 

T F 

F T 

F F 


-p 

F F F 

FT F 

T F F 

T T T 


EXERCISE 5.3 


1. Write down the truth table for the statement 

(~ p V (?) A (- p A ~ ^) 

2. Give the truth table for / m where 

/ = (p A (fl -4 p) and m = p <-> <7 

3. Give a truth table for the statement 

(p ->(?) o (~ p V 

4. Write down the truth table for the statment 

(p A - p 

5 . Give the truth table for the statement 

(p A <7) (p V 9) 


5.5 Negation of Compound Statements 

WriUng the negation of a statement is not that simple, particularly when it is a cornpound 
statement having conjuncUons. disjunctions. impUcaUon, equivalence etc, Hence let us discuss 


the negation of compound statements. 


Negation of Conjunction 

■Mohammed is in class X and Xavier is in class VII' has its negation the denial of its 

components namely 

‘Mohammed is not in class X' 
and 

‘Xavier is not in class VII* 

which are simultaneous statements. Thus the denial would imply either 
(a) denial of any one of these statements 
or (b) denial of both of these statements. 

The nature of the description in (a), (b) precisely indicates that the required negation is a 
disjunction of the negation of the component statements, viz. 

■Mol,mmedUn«mcla^sX«rXavl«,sno.inctem'No«a..lO«deni,lo,n=galion 

is not the statement 

‘Mohammed is not in class X and Xavier is not in class VII. 
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We have the following formula for the negation of a conjunction : 

~(pA^) = ~pv~5 

Negation of Disjunction 
Consider the statement 


a> -1 ox a <1 

which consists of the components 
(a) a > - 7 
(P) a <7. 


The fmlure or d^ial of this compound statement arises only when both (a) and (/?) fail 
simultaneously. Thus the desired negation is 

a% - 7 and 1 

or, what is the same 

a ^ -7 and ^ 7 

or in a more compact form 

lal>7. 

Likewise, the statement 

‘Haq is cruel or he is strict' 
or, what is the same. 

‘Haq is neither cruel nor strict.’ 

Wc have the following formula for the negation of a disjuncuon 
~(PV9) = ~pA-^ 


p 

T 

9 

pAq 

pwq 

~(pAq) 

-(PV9) 

~p 

“9 

~pA~q 

--py-q 

I 

T 

F 

F 

T 

F 

T 

F 

T 

F 

F 

F 

T 

T 

T 

F 

F 

T 

T 

T 

F 

F 

F 

T 

F 

F 

T 

T 

F 

T 

F 

T 

F 

F 

F 

T 

F 

T 

T 

T 

Negation of Implication ^ '— — - 


■Rama is tall, therefore he is slim' has the negauon 
Rama is slim not because he is tall’ 

More explicitly, the negation is 
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‘Rama’S being tall does not imply (or mean) that he is slim.’ 
If wc write 

p : Rama is tall 
q : Rama is slim, 

the given statement 'Rama is tall, therefore he is slim’ is written as 
p q 

which in words, is : 

‘If p, then q.' or 'p, therefore q' or ‘p implies q' 

Tlie negation of 'p —> q' is taken as : 

'p and not q' 

In the verbal form the negation of the given statement is therefore 
'Rama is tall and he is not slim.’ 

We have the followig formula for the negation of an implication 
~(p-*q)=pA’-q 

This is again supported by the following truth table : 


P 

7 

T 

F 

F 


q p-¥q '•q 

T T F~ 

F F T 

T T F 

FT T 




F 

T 

F 

F 


F 

T 

F 

F 


Negation of Biconditional Statement or Equivalence 

Let us consider the compound statement 

‘India will be prosperous if and only if its citizens are industrious.’ 

The components of this statement are 
p : India will be prosperous. 
q : Indian citizens arc industrious. 

The compound statement is the equivalence 
p <r^ q. 

Its negation is the denial oS p q and q p as simultaneous statements. 

This clearly means that 

either p q is denied or q ^ p is denied. 

In words, this means that the negation of p ^ is the statement 

‘Eiihcr India will be prosperous and Indian citizens 
arc not industrious or India will not be prosperous 
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and Indian citizens are industrious’. 

As another example consider the statement 

‘ 1 fl I < 2 if and only if a < 2 and a > - 2 .‘ 

Its negation is 

‘Either lal < 2 and fl S 2 or a < - 2 
or a < 2 and a > - 2 and Ini > 2.’ 

Note that in the above two verbal descriptions ‘either, or’ docs not preclude the conjunction 
of the two relevant statements. 

We sec that ■ 

p 7 = (p -> g) A ^ p) 

So~0’<-^9)= ~ [ (p4) A (i?-»p) 1 

= [ - - (9 ^ P) ] 

= [pA~(7]v[(^A'-p)]. 

So we have the following formula for the negation of an equivalence 

~ (p <-) <?) = (p A ~ 9) V A - p). 

It is left as an exercise to the student to rify this formula by writing the trutJi table, 

A word of caution is necessary about writing down the negation of a statement. Though the 
negation of the statement p is the statement 

‘p is not true’ 

more often there is need to rewrite the negation in a suitable lorm But this requires care. 
Take the statement, 

‘All differentiable functions are continuous.’ 

The negation is 

‘It IS not true that all differentiable functions are continuous.' 

This is not equivalent to 

‘Differentiable functions are not continuous ’ 
while It is certainly equivalent to 

‘All differentiable functions are not continuous’ or what is the same 

‘There exists a differenUable function which is not continuous.' 

Incidentally note that when writing down the negation we are not bothered about the truth 
or validity of either the statement or its negation. 

Note 

It is clear that ~ (~p) is the same as p. 

Remark 

As the symbol ~ applies only to a single statement it is a modifier rather than a connective, 
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though ii IS listed so. It is a denial or a failure of a statemenL 
Example 5.7 

If p : lines t ml m aro perpendicular to each other, 
f : A is a point on m, 
write down in symbols the .siaicmcnt 
r : A is a point on the line m which is perpendicular to /. 

What is the negation of this statement ? 

Solution 

Clearly r is p a < 7 , 

We know that - (p a q) = ~ p v - q. 

In this case ~ p » / is not perpendicular to m 
and - = A IS not a point on m 

Tlius - {j) A q) = / is not perpendicular to m or A is not a point on m. 

Example 5.S 

If p : I study 
q: I fail, 

what is the symbolism for the statement 
r; I study or I fail. 

What is the negation of this statement r ? 

Solution 

Evidently r is p v q. 

We know that 

- (pv 9 ) = ~ PA - <? 

~ r = ~ p A ~ q is 
'I do not study and I donot fail’. 

Example 5.9 

Write down tlie statement ‘A complex number is a real number’ in the form of a compound 
statement. 

Solution 

If p : X is a complex number 
q ; X IS a real number 
arc taken as statements, 
then the desired compound slatcmcnt is clearly 

p -^q. 

(In mathematics, this logical symbol is more often written as =>) 
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Note 

We showed that 

(i) ~ 0 A 5 ) = - p V - ^ 

(h) (q V q) = - pA -- q . 

The symbol *=’ in (i) and (ii) above is used in the sense of ‘is’ or 'is the same as’, Clearly 
'=’ can be replaced by viz. equivalence. . 

Remark 

The formula - (pAi 7 ) = «pv-^ and ^ (p v q) — ~ p a q are, also called De Morgan's 
laws since ihe De Morgan’s laws of set theory arise by interpreting the symbols ", v, a as 
complementation, union, and mtersecUon respectively. 

Now - p : Triangle is not equilateral 
~ q : Triangle is not equiangular 

We know ~ (p 1 ?) = (- p a <?) v (p a ~ q) 

1= p A~ q : There exists an equilateral triangle which is not equiangular. 
m = - p A q •. There exists an equiangular triangle which is not equilateral. 

So the required negation is / v m. In words this negation is: 

‘There exists either an equilateral triangle which is not equiangular or an equiangular triangle 
which is not equilateral.’ 


EXERCISE 5.4 


1. 'Ram is smart and healthy', 

‘Ram is neither smart nor healthy’. 

Are these statements negations of each other ? 

2. Are the following statements negations of each other ? 

Jc is not a rational number,' 

‘jc is not an irrational number,’ 

3. If p, q are two statements show that 

-(~pA~^)=pv^ 
and ~{~pw~q)=pAq 

4. If p sLinds for the statement T like tennis’ and q for tJic statement, ‘I like fool-ball’, 
what dees ~ p a ~ q stand for ? 

5.6 Duality 

In geometry, we have what is known as dual relationship between ‘line’ and ‘piomt’ through 
the mterchange of the words ‘meet’ and ‘join’. For example consider the following two 
statements from geometry 
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'A Iim is the join of two points' 

‘A point is the meet of two tines'. 

Interchange 'line' and 'point', 'Join' and 'meet' in the first statement. What do you gel ? 
You gel : 'A point is tke meet of two lines' which is the second statement Simlarly you get 
the first statement from the second. With respect to statement p and q, we have the following 
{i) -(p A q) = ~pv^q 
(ii) -fpvg) = ~pA-<? 

As you can verify, if you replace a by v in (i), you get (ii). In the same way you get (i) 
from (ii). (i) is said to be the dual of (ii) with respect to a and v. In the same way (ii) is 
the dual of (i). 

Example 5,10 

Write down the statement Two congruent triangles are precisely those which have 
corresponding sides equal’ as an equivalence and write its negation also. 

Solution 

If p ; Two triangles arc congruent, 

q : Two triangles have corresponding sides equal, then the given statement is the same as 

pir^q 

Using the formula given earlier, the required negation is (- p a ?) v (p a - ?), which expressed 
in words is ‘Two triangles are not congruent and have corresponding sides equal or two tnangles 
are congruent and have a pair of corresponding sides equal'. 

Example 5.11 

Write down the negation of the statement ‘All the sides of an equiangular triangle are of the 
same length.’ 

Solution 

The negation is ‘Not all the sides of an equiangular triangle are of the same length’. 

It can be restated as ‘There exists an equiangular triangle, two of whose sides are not of the 
same length.’ 

Example 5.12 

Write down the negation of the statement ’A triangle is equilateral if and only if it is 
equiangular.’ 

Solution 

If p : Triangle is equilateral 
q : Triangle is equiangular, 
then the given statement is p ^ q. 
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5.7 Statement Patterns or Well-formed Formula.s 

Ifp, q r,.... are statements (which can be specialised i,c. which can be treated as variables) 
then any statement involving these statements and the logical connectives a, v, - js 
called a statement pattern or a well-formed formula. 

The following are statement patterns . 

(i) pv q 
(li) p -> 9 

(iii) {(p A q) y r)-)flA~a 

(iv) (p <-> 9) A (r <-> r) V (i-> s) 

Note. 

Care should be exercised in introducing or removing brackets in statement patterns, For example 
~ (pv q) IS different from - pv q while (p a q) a r could be written as p a q a r. 

Note 

A statement is also a statement pattern. Statement pallcms also give rise to truth tables. If 
the number of variables is n, since each variable has two truth values the number of rows 
required in the table is 2", which becomes large when n is large. Thus truth tables become 
unwieldy if the number of variables is large. The following are examples of truth tables for 
statement patterns. 

Example 5.13 

The truth table for 1 a m where 1 =! - (7 - r, m = ~ r ~ ^ is 

9 r I m I Am 
T T T T T 

T F T F F 

F T F T F 

F F T T T 

Example 5.14 

If / = - (p V ^), m = - p a - q, the truth table for / m is 
p q pv q - ip V q) ~p - p a - q I m 

TTT F F F F T 

TFT F ft F T 

ptt FTFF T 

FFF T TT T T 

1. Write down the truth table for the following statement patterns : 

( 1 ) (p^ q)<r^(-q-^~p) 

(u) (p -» 9 ) ->[(?-> r) -> (p ] 
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5,8 Tautology, Contradiction 

Observe in Example 5.14 the lust column of the tnilh table for / t-i m has all the entries as 
T, This iTican.s that whatever he the assumption about thevariable suttcmenis.p, q, viz, whether 
they arc true or false, I <-) m = - (/j v (?) <-> -/? a ~ <7 is always true, Such a statement pattern 
IS called a lauiohgy or theorem or a logicallj valid statement pattern * It can easily be checked 
that the statement pattern (li) in Exercise 5J is also a tautology. 

The suilemcnt pattern /; v - is a simple example of tautology. The truth table in this case 
is the following : 

p -P p ^~p 
T F T 

FT T 

Because of the observation made in § 5,7 about the size of the truth table for large values 
of the number of componenLs or variables, tautologies cannot always be easily identified through 
truth tables. At the other extreme we have a statement pattern which has always truth value 
F whatever be the truth values of the variables. Such a statement pattern is said to be a 
coniradic'tion. (p a ~ p) is .1 simple example of a contradiction. This can be seen from its 
truth table below : 

p -p /) A - p 

T F F 

FT F 


Example 5.15 

Show that (p A (?) -) (p V (?) is a tautology. 

Solution 

The assertion i'- rt ir from the following truth table : 


T 

F 

T 

F 


<7 

T 

T 

F 

F 


p V q P ^ <1 (p A q) ip q) 
T T T 

T F T 

T F T 

F F T 


EXERCISE 5.6 

1. Show that (p V V r p V (? V r) is a tautology. 

2. Show that (p V ^) a (- p 'a - q) is a contradiction. 

3. Show that (p —> 9 ) <-» (~ p v ^) is a tautology, 

4. Show that p -> (p v ^) is a tautology. 


*Taulologies arc lymbolically indicaied by the symbol preceding ihem. For example P^pv~p 
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5,9 Statement Patterns and Switching Circuits 

A switching circuit is a connection of a finite number of switches p, q...,, Uic question under 
consideration being whether electric current will flow in the circuit for a given situation of 
the switches, Note that there are only two possibilities for any switch viz , it is ‘on’ or it is 
‘off’ Likewise for any circuit there arc only two possibilities, viz,, tlie current cither flows 
tlirough or not. 

To every switch or circuit are attached two values 0 and 1, If in a situauon the current 
docs not flow through the switch or circuit from one end to the other the value 0 is attached 
to the switch or circuit m that situation. If the current flows through the switch or from one 
end to another of a circuit the value 1 is attached to the switch or circuit as the case may 
be The value 0, 1 attached to the switches or circuits are called their transmittance or flow 
values. A switch can also be considered as a trivial case of a circuit. 

No distinction is made between two switches which arc simultaneously in the ‘on’ or 
‘off posiuon in any situation, The same letter is used to denote such switches Two circuits 
with the same switches (as described just now) in which current eitiier flows from one end 
to the other or docs not flow arc said to be equivalent. Reiluction of number of switches to 
obtain an equivalent curcuit is called simplification of the circuit 

Note that if distinct letters are used to denote two .switches the ‘on’ or 'olf position of 
these two switches is independent of each other 

A switch which is always 'on' is denoted by l.On die other hand a.switch which is always 
‘ofl’ IS denoted by 0 These switches arc equivalent respectively to a circuit in which current 
always flows from one end to the other and docs not flow from one end to the other always 
irrespective of the position of the switches constituung it. On this account these circuiLs also 
aie denoted respectively by 1 and 0 



Fig 5.7 

In Fig 5 7 (i) above the switches p, q aic connected in paiallcl. The resulting circuit is 
denoted by p + ^ In Fig. 5.7 (ii) the switches p, q are connected in .senes. The resulting circuit 
is denoted by p-q 

Note that cuiient flows from one end ol p + g to anothc if and only it one of p or ^ 
(meaning one or both) is on and not otherwise. Similarly current flows from one end to the 
other of p'g if and only if both the switches p, q are on and not otherwise. These facts aie 
enshrined in the following flow tables for p + ^ and p-q. 
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Flow Table for p + 7 Flow Table for p’q 


p 


p-i- q 

P 

q 

p-q 

(input) 

(input) 

(output) 

(input) 

(input) 

(output) 

1 

1 

1 

1 

1 

1 

1 

0 

1 

1 

0 

0 

0 

1 

1 

0 

1 

0 

0 

0 

0 

0 

0 

0 


You may sec Uial m the flow table for p + 7 , if we replace 1 by T, 0 by F and + by v, the 
resulting table will be the u-utli table for the statement pattern p v 7 . Similarly in the flow 
lalrcl lor p'q, if we replace 1 by T, 0 by F and* by a, the resulting table will be the truth 
table for the statement pattern p a 7 . Thus p + 7 can be identified with the statement pattern 
p V 7 and p-q can be identified with the statement pattern p a 7. Flow table can therefore 
be called truth tables as well. Flow tables are also called input-output tables. 

A.S regards the operation symbols -1- and • which stand respectively for parallel and senes 
connections, these arc used for circuits as well, since such- connections can be mad? between 
two circuits too. As an example, the circuit in Fig, 5.8 is [p'q) + r. 



Write the truth table for the switching circuit of Fig 5 8 . 


SoluiLon 

In symbolic representation, the circuit is (p-q) + r. The truth-table is the following ■ 


Inputs 

P <7 ^ 

1 1 1 

1 1 0 

1 0 1 

1 0 0 

0 1 1 

0 1 0 

0 0 1 

0 0 0 


outputs 
(p-q) + r 
1 
1 
1 
0 
1 
0 
1 
0 
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Example 5.17 

Write the truth table for the circuit shown in Fig. 5.9 and show how it can be replaced by 
a simpler circuit. ^ 



~ P q 


Solution 

In symbolic form the given circuit is p + (p- ~ 5 ) + (.- p.q) 
The following is the truth table for the circuit • 



P q p + 5 

1 1 1 

1 0 1 

0 1 1 

0 0 0 

You find that p + (p- - , 7 ) + (~ p.q) = ^ ^ 

Hence^he given circuit can be simplified as shown in Fig. 5.10. 



Fig. 5.10 
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EXERCISE 5.7 


]. Wriic down ilic iruth Uiblc for ihc switching circuit of Fig. 5.11. 

/ P 



Pig. 5.11 

2. Write the truth table for the circuit of Ftg. 5.12. 

/P" 



Fig. 5.12 

3. Represent the each network of Fig, 5 13 symbolically and wnte down the truth table. 



Fig. 5 13 
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Fig. 5 B 

5.10 Logical Equivalence 

In the previous sections we dealt with statements, different in fonn.s, but which were one and 
the same, i e. have the same import or meaning. Such statements were desenhed as equivalent. 
Wc can be more precise about the meaning of equivalent siatcmcnt patterns For the purpose 
of logical arguments, wc denne two staicmcnt paiicms to be losically equivalent if the truth 
tables for the two statements arc identical, 

Lotus understand the meaning of logical implication. An implication or conditional statement, 
as you may recall, is a siatcmcnt pattern of the form / -> m. Here / i.s called the antecedent 
and m the consequent. Wc say . 

/ logically implies m 

if and only if the truth values of the constituents of I which make / true, make m also true. 
In other words tlie truth of I is sufficient for the trulh of m. 

The following examples illustrate the meaning of logical implication : 

Example 5 18 

Let I . p A <7 and m' p ^ q 

It I has truth value T, necessarily p and q have truth table T (refer to the trulh table of p a q) 
and so p V 1 c m has trulh value T. Thus I logically implies m . 

Example 5 19 
I . p'v ~p md m : p-^ q 

As you know / is always true while m need not always be true (c.g. when p is true and q 
is false p—>qis false) so / does not logically imply m 

Example 5 20 

Lst I ‘ r~ (p q), m : r 

The truth or olhcrwisc of m docs not depend on tliat of 1. So here too I docs not logically 
imply m. 
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Wc define Uvo suiicmcnt paltcms / and. m to be loEically equivalent if and only i// logically 
implies nt and m logically implies 1. 

In mailicmalics we have what arc called necessary and sufficient conditions. For example 
for a triangle to be equilateral it is necessary lliat it is isosceles but a triangle being isosceles 
IS not sufficient for tlic triangle to t>c equilateral. 

Let us consider the following statement which characterises (fixes up) similar triangles 
(i e, triangles whose corresonding sides arc proportional): 

'Two triangles are similar if and only if (he corresponding angles are equal’. ( 1 ) 
Tbe statement (1) is the conjunction of the two following statements or parts : 

The Tf Pari ; Two triangles are similar if the coiresponding angles arc equal. (2) 
The 'only if Pan • Two triangles arc similar only if the corresponding angles are equal.(3) 
Let US' analyse furihcr Let 
p : Two triangles arc similar 
q : Two triangles have corresponding angles equal. 

Then you can see : 

The ‘ir part is q p 
and the 'only if part is p-^q. 

Therefore the given suiternent is (qp) a (pq) which is the same as p With respect 
to the ctiuivalcncc pi-> q, q-^p is called the ‘sufficiency* or 'iF part; p-¥q is called the 
'necessity' or ‘only if part, 

Wc know that (/?<->^) <-> (< 7 <->p). But note that what is ‘sufficiency for pog is 
‘necessity’ for q ? p and vice versa 

Example 5.21 

Show that the statement ‘If 5 + 2 = 7, then 5 + 2=7 or 7 = 8 ’ 

IS a logical implication. 

Solution 

Let p ; 5 + 2 = 7, q ; 7 = 8 . Then the given statement is, in symbols, p-+(p v g'). Clearly, 
whenever the antecedent p has truth value T, the consequent has also truth value T, So the 
statement pattern is a logical implication. 

Example 5.22 

Sliow that the siatcmcnl ‘2(= 2 ) a (7 = 5 + 2 )’ and ‘(7 = 5 + 2) a 2 = 2’ arc logically equivalent. 
Solution 

This is an instance of p a 5 and Ap which are clearly logically equivalent statement patterns. 
Remarks 

(1) For two statement paltems to be logically equivalent it is not necessary that both contain 
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the same components. For example, consider the statement: 

‘You may come or you may not, but I will study' 

If we write 

p : You may come 
q-'-p You may not come 
r . I will study 

then the given statement pattern is 
{pv~p)Ar 

and this statement pattern is logically equivalent to r i.e. (p v ~p) a r r. 

To see this we note that if r is true, v ~p) a r is true whether or not p is true This is because 
p V -p is a tautology. Conversely, for the same reason, if (p v - p) a r is true, then r is true. 

The statement paitcm p v - p which is a tauioloty can be considered an extraneous statement 
to r. 

(2) Take the two statements 5 + 2 = 7, 3 + 5 = 8. Then the two stalcmeius am true 
simultaneously. Thus they have the same truth values. It is, however, not desirable to say 
that the two statements arc equivalent. Thus it is reasonable to stipulate that if I, m have the 
same constiluicnt or components, have extraneous components stated in the remark above 
if any or else instances (or specializations) of logically equivalent statement patterns. 

To illustrate a procedure for proving logical equivalence besides writing down ilic truth 
tables, let us consider 
/ ; (p V q) A r 
m ; (p A r) V (q A r) 

Let us assume that / is true and analyse 

'I is true’ implies ‘(p v q) a r is true’ 

i.e. (p is true or q is true or both p, q are true) and r is true 

i.e, (p and r are true or q and r are uue or p, q, r are true) 

(case (i)) (case (ii)) (case (lii)) 

Case (i) p and r are true. Therefore p Aq true. Therefore (p a q) v (q a rl true i.c, m is true. 
Case (li) q and r true. Therefore q v r trdue, Therefore (p a q) v (q a r) tme i.e. m is true, 
Case (lii) p. q, r are true Therefore p a q as well as q a r are true, i.e, m is true. 

Thus I is true —> m is true or / —»m. 

Now let us assume that m is true and analyse 
‘m is true’ implies ‘(pAr) v (qAr) is true’. 

I.e. ‘p A r is true or q a r is true or both p a r, q a r are true’ 
i.e. 'p and r are true or q and r arc true or p, q and r are true’ 

(case (iv)) (case (v)) (case (vi)) 
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Case (iv) p and r iruc. (/? v 7 ) is tme, and r is uiic; (ps/ q) a r is true, I is trtie. 

Case (v) q and r arc true (p'yq) is true and r is true; (pvq) a r is true, i.e. I is true 
Case (vi) p, q and r arc true. Evidendy (pvq) at is true, i.e. I is true 

Titus ‘m is true' implies '/ is true' or m-+/. 

From die above discussion, we have /f-tm. 

Logical equivalence is useful in proving certain assertions. Take, for instance, x+yitjt + z 
implies y The proof of die logically equivalent statement ‘x + y = x + z' if y = z is easier 
than the former siatcrncnt. The logical equivalence follows from the fact that if 

/ : ft -) q 
m: ~ 1/ —> ~ p. 

then I and w arc logically etiuivaJcnt. We usually denote the logical equivalence of two statement 
patterns / and m by I e m, noting, incidentally, that is an equivalence relation. 

Example 5.23 

Show that the following 

/ : If I play with you, you give me the toy 
tn: If you don't give me the toy then I don’t play wilh you 
n : Give me that toy, otherwise I don't play with you 
arc logically equivalent suiicments. 

Solution 

Let 

p ; I play with you. 
q : You give me the toy. 

Then ~ p : I don’t play wilh you, 

~ q . You don’t give me the toy. 

Then 1 is p tn is ~ while n is another verbal presentation of m. So I, m, n 

arc logically equivalent statements. 

Example 5.24 

If I ; (p r) V (qr) and m • (pvq)-^r, then show that li^m. 

Solution 

If p and r arc false and q is true then p —>r is true, q—>r is false and so (p —>r) v (q —>r) 
is true, i.e. I has truth value T. While again pvq is true and r is false. So (p v q) r is false 
So m has truth value F. So I does not logically imply m. Hence li^m. 
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EXERCISE 5^ 


1 If iAm = iv/n,sliow that/ = m, 

2. If lAm = m, m An = n. then prove that lAnsn. 

5,11 More about Switching Circuits and Concept of Boolean Algebra 
In the iarlier section we mentioned two elementary switching circuits namely connection of 
two switches p and q in parallel denoted by p + ^ and in senes denoted by p'q. Let p and 
q be two switches in a circuit such that when p is ‘on’ q is ‘off and when p is 'off q is 
‘on’, V/e call q the complement of p and denote it by p We also agree not to distinguish 
between two switches which are simultaneously on or simultaneously off and ascribe the same 
letter to them, i.e. p, p in Fig 5.14. 



Wo also write 1 for a circuit in which current flows from one terminal to the other and 
0 for a circuit in which the current does not flow from one terminal to the other terminal 

Look at the circuit diagrams given in Fig. 5.15 (I-X). You can easily sec the truth of 
siatcmonls mentioned below them. 



p+q=q+p 

(Commutative property of '+’) 

(I) 


Fig. 5,15 
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y 

p 


q 






/. 
p 



p-(qT) = (p*q)T 


(Associative property of' ■') 
(IV) 


/f_ 

_/I_^ 

P 0^0 

P+0=P 

(o is the identity element w.r to‘+’) 

(V) (VI) 



—. / 

P 

_/_ 

1 

p+l=l 


> 



p-1 = P 




1 




(1 IS the iclcniuy clement w.t, to ‘ ■') 


(VII) 


Fig. 5.15 


(VIII) 
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_/tL 

_ 

p4- = 1 





/ 

P" 




p*p’ = 0 


(IX) 


(X) 


Fig. 5,15 

Wehavc seen above ihecanmuutiveproperty, associativeproperty,identilyelementproperiy 
wj.t, the operations + and *, Let us see whether the distributive property also holds. 
Consider the rollowing circuits shown in Fig. 5.16 (i - ii): 



P‘(g + r) 


p-q+pT 


(0 


(ii) 


Fit 5.16 

There is flow of current in the circuit {q + r) if and only if p is on and either 9 or r is 
on. Precisely under this Situation docs the current flow in the circuit p‘q + p‘r. In other words, 
the above two circuits are equivalent, So we have 

p’(q + r)=p-q + p'r 

This means the operation • distributes over the operation +. You may note here that the 
operation • distributes over the operaUon + in the set of integers, 

Consider again the following circuits of Fig. 5.17. 


I 
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_/iL_ 


p* 

(q + r) 



(i) 


_/IL^ 



_ 




p • q + p • r 

(ll) 

Fig. 5.17 

Note that cutrcnt flows in cilher of the circuiLs if and only if cilltcr p is on or biilli q and r arc on, 
Thus wc have 
p + q‘r = (p + q)-(p + r) 

Tills means that the operation + also distributes over the operauon-Note that the operation 
+ does not distribute over the operaLon • in the set of integers. 

Let us now summarise the properties of the set S of all switching circuits in die context of 
the two binary operations + and ‘ 

(i) S IS closed with respect to +, i.e. if j, f e S then s + te S (closure property) 

(u) S IS closed with respect to*, i.e, if s, (e S then .s* i 6 S, (closure property) 

(iii) + IS commutauve, i e. if s', t e S, then s + t = t + s (commuiative proiicrty) 

(iv) ■ IS commutative, i.e. if j, te S, then $• t = i’s. (commutative property) 

(v) + IS distributive over*, i e. if p, ^, r e 5, then p* {q + r)=p'q + p*r. (distributive properly) 

(vi) • is distributive over +, i.e if p.q.rs S, then p + g*r = (p + 9 ) * (p + r) (distributive 
property) 

(vii) + has an idenbty element 0 , i.e. ifp e S, 0 e S is such lhatp + 0 = 0 +p=p (properly 
of identity element) 

(viii) * has an idenuty element 1 , i.e. if pE 5, 1 g S is such that p*l = l*p = p (property 
of identity element) 

(jx) For each element p g 5 there exists an element p'e S called the complement of p such 
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lhal= I (idcniiiy dement of the operation •) and ' = 0 (identity dement 
of the other operation +) (property of the complement) 

Such a set S IS called a Boolean algebra w.r.t. the operations +, *, Explicidy, the set S of 
all switching circuits is a Boolean algebra, 

Next, let L l>c the ,wt of all logical statements, We know that v, a are binary operations 
on L, Also ~ i,s a unitary operation. We denote ~p by p'. ’ 

Let (he a compound statement whose components arep, ^. 2 . Obtain the statement 

m by changing p, , j to p,, , z^ where p is equivalent topj, ^ to .z to Zj. 

What can we .say of m in relation to I ? Certainly / and m arc equivalent in the sense that 
whenever / i,s true m is true and vice versa. This also means that whenever I is false m is 
false and vice versa. I Icncc / and m have the same truth values. Thus in any compound statement 
we ctm replace the component .statements by equivalent statements without changing the truth 
value of die compound statement. In this sense the elements of ihesetL of all logical statements 
aie to Ik treated as equivalence classes. With iliis understanding a statement which is always 
true and ilciiolcd by + will be the itlcndly clcracm for the operauon a and a statement which 
is always false will be the identity for the operation v. 

All the proficrtics (i) to (ix) listed in the preceding paragraph hold good in this context 
Kxi with compleinontation being, in this case, same as logical negadon. In other words, L, 
the set at all logical statcnicnl-s', is again a Boolean algebra. 

b'inally, let U he a umvcr.sal set and P, the set of all subsets of U, i.e. die power set of 
U, Ixit U, n lx; the binary opcralions on P. Let complemcntadon on P be sct-ihcoreuc 
cnmplcinciuation i c. if A e T, then A*" = U—A. Further U is the identity element for the 
oixraiion n and (|) (the empty set) is the identity element for the operadon U on P. The properties 
(i) to (ix) listed for the set S above are verified easily in this case too. Thus P , the set of 
all .subsets of U also is a Boolean algebra. 

It, ihcrcforc, follows dial from any result established for any one of the three sets namely, 
S/.J’ we can wiuc analogous results for the other sets without the necessity of proving them 
again. 

For example, we have the formula 
'~{pvq) = ’~pA~q 
in the set L of logical statements. 

From this we can write the following corresponding formulae 
(A U By = A‘^ n in the set P. 
and (p+g)' = p '^q' in the set S. 

Moreover, the B oolean algebraic treatment of the set of aU switching circuits (somedmes 
called networks) enables us to simpbfy a circuit to an equivalent circuit as the following 
examples show. 
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Example 5.25 

Simplify ihe following network of Fig. 5.18 



Fig. 5.18 

Solution 

The given circuit is 

= iq-r + p) • (p'• q' + + p'•q’ t' 

= q‘np'’q' + qT*/ + p-p'-q' +p'*^'^r'+pT (distnbuUvc property) 
= p*r' + p'^qW (since p*p' = q‘<f = r‘/=0) 

= (p + p' • ( 7 ') • r' (distributive property) 

= [(p'+p)‘(p + q')]'r' (disu-ibulivc properly) 

-(p + p')‘(p + q')'r' 

~ (p + q')' r', since p + p'=l. 

The simplified circuit is shown in Fig. 5.19. 



'q'' 

Fig. 5.19 

Example 5.26 

Simplify the switching circuit or network shown in Fig. 5.20. 
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Sotulion 

The given network is 

p'q' + q«‘q + (p'q')(by coinmutauviiy of +) 

= (9 +/’)•(? + q') (by distributivity of + over*) 
oq + p (since + ^'ei). 

The equivalent simpler network is therefore shown in Fig 5.21. 



Fig 5.21 

Example 5 27 

Simplify the switching circuit of Fig. 5.22. 


/P 



/ ...... 


. q / r 


^ r 



Fig. 5.22 

Solution 

The given circuit is 

(p’q'}+(p’q’r)+p''r 

= P* (q" q • r)+P'' f Q^y distributivity of • over +) 

P‘[iq + q')‘(q' + r)]+;?'*r (by distributivity of + over*) 
=f (q' + r) +p' • r (since q + q'=l) 
a p • + p • r + • r (by distributivity of • over +) 

=p • (?' + (p + p'). r (by disuibutivity of • over +) 

+ r (since p + p' = 1) 

Thus, the simplified equivalent circtut is shown in Fig. 5.23. 
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Fig. 5.23 

'Example 5 28 

Simplify {p + q)-{q + r) and write down the analogous set theoretic result 
Solution 

(p + q)'‘(q + r)' = (p'*q')‘ {q' ■ r') (by DcMorgan law) 

=p' • q' (by associativity of • and since q' ^q' - q") 

The conespondmg seUheorctic result is 

, (AUB)'n(B UC)'=A'nB'nC'. 

/ EXERCISE 5.9 


1, Simplify p+[[(p'*(p + <f)] + (?*r)) • 

Z Simplify the switching circuit given in Fig. 5J24. 



Fig. 5.24 
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3 , Show Ihw cKh ctei*w« of a Boolean algebra can have ©nly one complement. 

4 , Obtain the comftencfll of the circuit giv«i in Fig. 5.25. 



Fig. 5.25 


checking whether the cotvimcuon assumption of bulh for the hypotheses, 

cliccking of the truth of the ^ valid^f the implication is not true the 

If the implication is true the argument» ^td to ^ v^ t 
argument is said to be invalid, Ut us start with an example . 


hypotheses j ^ 
~P 


conclusion So 4 

Here the hypotheses p v -p we ass^ed to ^ I^~P^ent is vaUd. In fact 

IS true, p being false q should be true if p v <7 were true mus me 

(p q) A "p q ts & tautology. , 

Let us lake another example 

p ^ 

I _ 

be false also as is seen from the truth table tor p ■/ 
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EXERCISE 5,10 


Test ihe validity of each argument in the following : 

1. p 

~p V r 
~ r 

So ~ 9 

2. If Ram likes mangoes, then he dislikes oranges 
Ram likes oranges 

So Ram dislikes mangoes. 

3. If Mr. Pal is a teacher, then he is happy 
If he is happy, then he does not see T.V , 

He docs see T.V. 


So Mr. Pal is not a teacher. 

4, Assume each statement is true and draw the best possible conclusion 

(i) p-^q (ii) p-^-q (iii) p-> ? 

pv-r ~r~^q ^r-^-q 

r p 


MISCELLANEOUS EXERCISES OF CHAPTER 5 

1. IfpNAND 9 = - (p A 9 ),p NOR ^ (p V g) obtain the truth tables of NAND and 
NOR. 

2. Obtain the truth table for the operator © 'exclusive' defined by p © g = 

(pvg) A --(pAq.) 

3. Prove that the following are tautologies : 

(a) (p V g) A ((-r v ~s) A(g -+ j) v (p -> r)) -> ((r p) a (j -> q)) 

(b) ~(p <-> g) <-> ((p A -g) V (-P V g)) 

4. Prove the following logical implication t 

pAg~>r, pvg->u, r—)~H together imply p -> ~q, 

5. If p ^ g is T. fmd the truth value of g, if p is (a) T, (b) K 

6. If p -> g is T, - g is T, fmd the truth value of p. 
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7. What is the truth value in each case ? 

(a) p A I? i/ ^ - f and i is false. 

(b) p A (p A r) if r B I and i is not true, 

(c) p V V r) if ^ a f and t is not false. 

(d) p V <7 1 / p V p is false. 

(c) p A (p V r) if (p A p ) V (p A r ) is fUse. 

8, Tell if each of the following statements is true or false, if p, p and r arc any statements: 

(a) p V ~ p is a true statement. 

(b) p A - p IS false statement. 

(c) ~ (p A p) a ~p A ~ p. 

(d) If p -•■> p is true, then p is true, 

(c) p -4 p a p -4 p . 

' 9. Check up whether die following arguments arc logically valid (i.c, tautology): 

(ti) If today is Thursday, then yesterday was Wednesday. Yesterday was Wednesday, 
therefore today is Thursday. 

(b) If I do not work I will sleep. If I am worried, I will not sleep. Therefore if I am 
worried, I will work. 

10. Prove that 

[(pA-p) V (<? A ~p)] A (p V r) = (p V p ) A (-P V ~p) A (p V r). 

11. Show that 

p A p ) V ~ r) = (~p) A p A r. 

Prom the following laws true for switching circuits, write the corresponding laws for 
logical statmonts and sets; 

p. (p + r) = p'p + p-r 
p+ (p- r) = (p + p) * (p + r) 

12. Prove the following distributive laws : 

(i) p A (p V r) (p A p) V (p A r) 

(ii) p V (p A r) = (p V p) A (p V /•). 

13. If p, p, r..., are elements of Boolean algebra, simplify 

(i) [ p + (p* r) ] • [ p + (p'-* r) ] 


(ii) p* (p- p + r)' 
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14, Oblain switching circuits complementary to iJie circuits given in Fig. 5 26. 



(«) 

Fig. 5 26 


15. Factorize as for as possible : 

(i) p + q- r 

(ii) p-q + r-s 

if p, q, r, s arc elements of a Boolean algebra. 

16 Construct a switching circuit for each symbolic rcprcsenlalion ; 

(a) (p + q)' p' 

(b) p + (9 • r) 

(c) (p + q)‘ (p + r) 

(d) {p + q') + (p + q) 

(c) (p-q) + r 

(f) (p*q) + ip'-q) + {q'-r) 



ANSWERS 


EXERCISE 1.1 


1. 2x6.6x2.4x^. 3X4, 12x1. Ixl2;7xl. 1x7 


(l) 

■ 2 

1 

4 

5 • 

(n) 

0 

-1 -2 

-3 

3 

4 

5 

6 


1 

0 -1 

-2 


1 4 

5 

6 

7 


2 

1 0 

-1 

(ill) 

1 

2 

3 

4 1 

(iv) 

1 

1 1 

2 3 

1 

4 


2 

4 

6 

8 



0 

1 

2 


.3 

6 

9 

12 


2 

1 — 
3 







3 

1 ^ 

3 

4 

= 1 . y' 

= 2. z 

= 3, 

w =; 

4 






5. (a) Rs 15000. Rs 15000 

(b) Rs 5000. Rs 25000 

(c) RS 25(XX), Rs .5000 

6. Rs 157.80. Rs 107.40. Rs 281.40 

7. R.S 1597.20 


f 3 7 1 

(ii) [ 1 1 

(iii) 

1 

L 1 7 . 

1 5 -3 J 



(iv) 


^6 26 
-4 19 


(Vi) 


7 19 
17 10 


12, (i) 


2fi 0 

0 2a 


(v) 11 10 

11 2 


(ii) 


{a+bf (i>+c)^ 

{a-bf 


8 7 
6 2 


(ill) 


a+ p b + q 

c + r d + S 
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13. (i) + bP' 0 (li) ad - be bd - ab 

0 a^+bf^ \ 0 cP -be . 

(iii) r 2 3 4 5 1 (iv) [-3^1 

4 6 8 10 [ 8- 13 9 

6 9 12 15 J 

(v) r 14 0 42 1 (vi) r 1 2 3 1 

18 -1 56 14 5 

, 22 -2 70 J 1 -2 2 0 

(vii) 14 -6 I 

4 5 

^4- W f 6 16 26 ] (ii) [ 82 ] 

-8 -18 -28 

(ui) [d^ + IP- + + (fi + ac + bd] 

(iv) r 0 -1 1 

2 0 - 2 ' 

5 -2 -3 , 

22. , r 1 -1 _3 

-1 -1 -10 

-5 4 4 


EXERCISE 1.2 


(i) -57 (ii^ 1 (ill) +2 (iv) i 

60 

J ^ ^21 = -20. Wl = -5, 

where = minor of a., = cofactor of a^, 

4 = [ fljj ] and lAI = determinant A 

(ii) 4^11 =-12. 4/^1 =-16,^31=-4, 

Cii - -12, C21 = 16, C31 = -4, L 4 | = 40 

\Al = a^(c-b) + lP{a-c) + (b - a) 

(>V) M.. = 5, = - 40, M„ . -30, C,. . 5, C„ = 40, C„ = -30, UI = -30 
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3. (i) abc + Tfgh-qf^-bg^-ch?- (li) 0 (iii) Aabc (iv) 0 (v) A.^(A, + 3 j:) (vi) 0 


EXERCISE 1.3 

i 


1, (a) 9 sq. units (b) 37.5 sq. units 

(c) 23.5 sq. units (d) 15 sq. units 

2. (i) * = |-. y =-y (u) ;c = 2.>- = -^ - 

(iii) X = 1, )i = 3, z = -2 

(iv) X = 1, = 2, 2 = 1 

(v) X = 3, )> = 0, z = 2 

(vi) X = 3ik, > = it, z = 3jfc .where k is any real (number) 

(vii) X = -2, y = -3, z = -4 

(vui) X = li y — —y 1 ^ “ yi ^ ~ “"y 


EXERCISE 1.4 


1 , 


2 . 


(i) 

[ 4 -2 1 

(ii) 

. 1 -3 , 


[ -3 1 J 


1 - 52 , 


(iii) 


3 1 -11 

-12 5 -1 

-6 -2 5 


(i) 


1 

7 


3 1 
-1 2 


(iv) 



(iii) 


X 

10 


10 -10 2 
0 5 ^ 

0 0 2 


(V) 



-1 5 3 

-4 23 12 

1 -11 -6 


3 3 0 

-11 1 8 

-1 -1 4 


1 -5 
3 2 



-3 0 0 
3-10 
-9 -2 3 


(vi) 


-2 0 -1 
-9 -2 3 

-6 -1 2 
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(i) Consistent; jc =31 = n 


(i*) 

Consistent, x 

5 -.2k,y - k, for any real number k 

(ill) 

Inconsistent 



' 

(iv) 

Consistent; x 

5 

_ 9 

5 


(V) 

Inconsistent; 




(vi) 

Consistent; x 

= T’^ 

= k--^,z = 

: k, for any real number k 

(Vll) 

Consistent; x 

= l,y = 

0, z = -5 


(vili) 

Consistent; x 

= 2 .^ = 

-4, z = 7 


(1) 

x = ^ V-- 

19-3'- 

32 

19 

(11) x = 

27 y = 

25' ^ 25 

(ill) 

j: = -8 , y = 5 


(iv) X = 

II 

(V) 

x= l,y = 2, 

z = -1 

(vi) a: = 

y = y, Z ■= -1 

(vii) 

x= l,y = 2, 

z = 1 

(viii) X = 

2,y = l,z = 3 

(i) 

x = y = z = 0 

(ii) J: ^ 

= y = z = 0 


(iii) 

x = y = 2 = k, 

ifor any 

real number i 

'c 

(IV) 

x=y=z=Q 




(V) 

x = k,y = 2k, 

z = 3A:, 

for any real number k 

(VI) 

x = k,y = 2k, 

z = -k. 

for any real : 

numlxir k 


EXERCISE 2.1 


R- (1.2] 


R - [« 7t . n IS an integer] 


The function which associates to each real 
such that tan 0 = a: 


numberx the unique 0 in the inlervtil 


7t _TC_\ 

2~ 2 J 


All Uie numbers , such ihnt 2<.r<3.In oUrer words, elemenls of the mlervnl [2,3) 
All non-negative real numbers 



ANSWI'.RS 


2-39 


8 ,' [ 0 . ^ 

9, [- 1.0) and (0.11 

10. oc, «) 


EXERCISE 2.2 

3 . X and f{x) arc always of oppo.sue signs 

4. 'I'hc graph is .symmetric about die line x - 1 parallel to the y-axis 

5. 'Ilie itraph of }> is fully above die graph of/ 

EXERCISE 2.3 

1. 'Hie ulcnlily function itscll is the function 

2 . sin 2 .\; 2 sin jt; not die same 

3. e; 0; I; 2f 

7. 0 

8 . 1 

EXERCISE 2.4 

1. 5 2.6 3.0 4.2 5.-2 6.6 7. 8.3 

9. 4- 10- 8 

4 
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EXERCISE 2.5 

2. 1 3. -i- 4, 3 5. ± 1 6. ^ 7. 5 8. 

EXERCISE 2.6 

1- 16 2. 3. -f- 4. 1 5. 1 6. 1 7. 


EXERCISE 2,7 

1 . 0 2 . 0 6.0 8 . 12 


1. 2 2. 1, No 


EXERCISE 2.8 


EXERCISE 2.10 


3. Non-mtegral points 5. Continuous 6, Continuous 
= 0 and continuous at all other points 8. Continuous 

10 , Continuous H-Not Continuous Lim/(jt) = 0 7!:/(0) 

Jc->0 


12. Not ConUnuous Lim/(x) = lim/Tx) = -1 
^ ■ j:->0+ 

14. (0 2 (ii) 1 

15. (7) A = -1 (ii) a =-2 

(lii) no value of m will make h (x) continuous at j: = 0 


2 

f (a + 2)^ 


«. f 9. 1 


7. Not continuous at 
P.Continiious 
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16. a =3, b - - 

tlXERCISE 3.1 

1- 2 2.2U - 1) 3, 10 7. fl 8.3 9. — 10. -——- 

(3j: + 

EXERCISE 3.2 

I. - 3 sin 3jc 2.-2 coscc^ (2 jc + 1) 3. 3ax^ + Ibx + c 4. 1 - i 

. 

5. 2jc - 3 6. c* - 2 sin x 

1 

7. ^x '^ + Ax 8. 2J + 3-4 4-«* 10. 2j:-4 

3 3 ;t3 

II. scc*.« + 2 cos j: - J- - e* 12, — 

2x X 

EXERCISE 3.3 

1. X cos X + Sin a: 

2. sin X + sin X log x + x log x cosx 

_ 1 _ 4 

3. c* (x 

4. sec^x + sec x tan^x 

5. 2x cos X - (1 + x^ sin x 

6. (cot x-cosec^x) ' 

7. cosec X (1 - X cot x) ' 
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8. 5 I6x^ + iSx^ - 4x + 8 

9. (1-2 tan x) 4 cos jc + (5 + 4 sin x) (- 2 scc^x) 

10. sin 2x 

12 . + 3 (a + c) + 2 (6 + d + ac) X + 6c + ad 

13. 10 scc^x - 4 Sin X + 8 cos X 
16, X sin x+sin x+x cos X ] 

EXERCISE 3.4 

^ x(smx + cosx)+(l 
(x + cosx)^ 

1 + tan X "r X sec^x 
2 . --- 

(1 + Ian x)^ 

1 -log X 

3.- 

x^ 

e"(x-l) 


ipx^ + qx + r) {2ax + 6)-(cix^ + bx+ c) (2/;x + q) 
(px^ + qx + r)2 

-(?ax ^ b J 
(ax^ + bx+ cf 

-2 


7 . 


(sin X - cos rV 
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2 sec X tan X 
(secx+iy 

EXERCISE 3.S 

1 . -2x sin 

2. - sin X e * 

3. 2 cos 2x + 8x - 20 

4. 2 cos 2x cos 3x - 3sin 2x sin 3x 

sin 3x - 3x cos 3x 
sin^ 3x 

6. col X 

7. uin X 

(log cos x)^ 

8. 2xe*^ 

10. 2 cos 2x = 2(cos2x - sin^x) 

EXERCISE 3.6 

- 1 
1 + x^ 

1 

2 . ~ 

X - 1 

1 


4. 


X Vx* - 1 
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6 . - 1 

cos (tan'* jc) 


1 

2 




10 . 


-2coH X 

T+^“ 





EXERCISE 3.7 
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ax + hy + g 
hx'+by+f 

y - Ax ix^ + y^) 

Ay {x‘‘ + y^-x 

ay -x"^ 
f- - ax 

Ixy -y^ 

2xy -x^ 


exercise 3.8 


1. (sin xY [x col X + log sm x] 
2 


2. £“ sin X 


+ 1 + cot X 


3. 2* log 2 

4. e»-cos^x sin*x [1-3 tan x +2 cot x] 


2 3 4 

x+1 ^ x+2 x+3 


5. (x+l)2 (x+2)3 (x+3)‘» 

6. 2(x+l) 

sinx + c osj^ +Iogx(cosx-sinx) 


7. X 


ain X + COB x 


8, (2x + 3y-^ 


2(x-5) 
2x + 3 


+ log (2x + 3) 


8 ^ 

7 


log 8- 

X 


9 . 
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10 . 


2 \ 


(x-1) (;c-2) (jt-3) (jc-4) 


1 1 1 J_ 

x-1 x-2 x-3 x-^ 


EXERCISE 3.9 


1 . 


1 


t 



3, 


sin t 

4.- 5. t cos t 6. 

cos 2f 


7, -1 


8. 


' cos 8 + 2 cos 2 0 
sin 8 + 2 sin 2 9 


EXERCISE 3,10 




'fl^ 

2 


1 

1 + (,' 

5, 


■J 


I 


8, 

_ _■ 

’/ 1-.C^ 

zii- 


3. 


6 . 


EXERCISE J.li 


b 

a sin 0 

sin 0 
1 - cos 0 


2 

1 +x^ 

1 

2(l+Jc^) 


1. 2, 2. 6ax + lb 3. n{a - Ijx'' 

4, 2 c'Oi .r - X siac 5. 



answers 


247 


1 + log X 
(x + log x)^ 



X 2 


EXERCISE 3.12 


1. cos 



2. 2* sin 2x + r- 


3. 


a" cos 



4. a" 


5. ( n + 1 ) 1 X 6. n I o« l.n'.af' 

8. 0 it m < n 
rt ! if m=n 

J _ jc" -" if n < m 

(m - n) ! 


MISCELLANEOUS EXERCISE ON CHAPTER 3 


1. X cos X + sin X 2. X* 


(I + log x)^ + 


3 4 + X* log X (1 + log x)l 

’"x^ 

5 ^ - 7. -1 8. 0 9, 

3)^ - x^ 3 


X log a 


10 . 


+ un" ‘x 


IL. ^ec (3x + 4) tan (3x + 4) 


1 + x^ 


12, 1 + (1 + log x) log 1 

13. - ( - t [ 1 + log t I 
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1 * 2 COS 2*: - Sin 2i 

14. -— 

15. — — 16. - - sin (log x) 

1 + X 

2 

17.-- 18. sin"’"'^ cos""‘jr [m cos^jc - n sin^jr) 

1 -x^ 

K ■ TO 

'Jx^ + fli 2Vj-3 

SCC^JC ^ 

2Vl + tanx ^ 

EXERCISE 4,1 

1. 0) ^ cos (.25) ni/s (li) 4.50 m/s (iii) 1 m/s 
(iv) ~ m/s 

2. (i) ~ ^ sin i m/s2 (ii) 2 m/s^ (iii) 0 m/s^ 

(iv) - ^ m/s2 

3. fl = 3, 6 = - 2, c = 6 

4. 8 km/h 5. 110 m 

EXERCISE 4,2 

1,12250 2. ^^m 3. 29,4 m/s 

4. 39 2 m/s ; 29.4 m/s 5. 2 s 6. 90.2 m/s , 10,204 s ; - 9.4 m/s^ ; 510.204 m 
7. 3 ~ s : - 6 ni/s^ 8. 0 m 
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EXERCISE 4.3 


1. ,4 m/s 2. 

3. cm^/s 
22 


200 Ttr^ 


km^/h 


(r + 5)2 

4. 900 cmVs 


31 \ 

S. (4,11) and I -4. - — 


6 . 


7. ™cnVs 8.-^cm/s 
8k 



EXERCISE 4.4 


4. (a) E>ccrcasing for x< - I and increasing for > - 1 

^ 3 

(b) Decreasing for > - -|-and increasing for x< - j- 

(c) Decreasing for .*< - 2, x > - 1 and increasing for - 2 < jc < - 1 

Q 9 

(d) Decreasing for ;t > - ^ increasing for 

(e) Decreasing for x < 1 and increasing for x > 1 

8. (a) Decreasing (b) Decreasing 

9. (b). (c), (d) 

10. -4 

EXERCISE 4.5 

1. ( 1 ) 3 (ii) 10 (ill) -2 (iv) None (v) 0 (vi) 3 (vii) 4 (viii) 2 (ix) 1 

2. (i) None (u) Min. at x = 0, Value = 0 

(iii) Min. at X = 1, Value = - 2 
Max. at X = —1, Value = 2 
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(iv) None in the interval Oo:<tc 

(v) Max. at 1 C =Value = 1 

Min. at Value = -1 

(vi) Max at , Value = ^ 

(vii) Max. at X = ^, Value = 

Mm at j:= ^ , Value = -i/2 

(viii) Max. at x = 1, Value = 19 
Min at X = 3, Value = 15 

(ix) Max. at X = - 2, Value = 0 
Min at X = 0, Value = - 4 

(x) Min at x = 2, Value = 2 

(xi) Max at X = 0, Value = 

1 

(xii) Mm. at X = 0, Value = (-4) 3 
(xiii) Max. at x = -|v Value = 

(xiv) Max. at X = 0, Value = 1 

Min. at X = -?; Value = 

4 2 

(xv) Min. at X = - Value = - ^ + f- 
Max. at X = ^ Value = ^ 

(xvi) Max at X = 3, Value = 0 
(xvii) Max. at X = 0, 1, Value = 0 

Mm. at X = 4- , Value = - 

j o25 

Max. at X = 0, Y Value = 0 


(xviii) 


Mm. at X = -7T Value = - -i- 
4 8 
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(xix) Max. at X K -1. 1, Value = 0 
Min, at jc = - Value = - 

5 (i) Min. = -• 8, Max. = 8 

(ii) Min. != 3. Max, = 19 

(iii) Min, = - 1.77, Max. = 19.625 

(iv) Min, « ~ 1, Max = V2 

(v) Min, = “ 10, Max. = 8 


6. 49 


7. Min. at x = 2, Value = - 39 
Max.ai X = 3, Value = 16 

8. Min. = - 55.8, Max. = 321 



10. Max •= 1/2 

U. Max = 89 at X = 3 
Max « 139 at X = - 2 
12. a = 120 13, Max = 2 tc, Min = 0 

14, 12,12 15.45.15 16.25,10 17.8,8 

18, 3 cm 19. X = 5 21. x = 

2iv 

22, The cylinder with radius ^ 

23. The wire it hi be cut at 2 distance of ---, rn from urr snd, 

/t I- 1 


1. L = 0 2. c 



li.VKRl’ISK 1,€ 
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3. c = COS 


_j / 1 ± 


4. c = 0 5. c = 0 


6. c = ^ 7. a = 11, b =-6. c = 2 ± 4=r 

4 V3 

8. (a) (0,0) (b) (0.0). (7C,-2). (2n.0) 


EXERCISE 4.7 



c = - 3. c = COS" ‘ 

/ 1 ± V33 \ 

1. c = - 2. 

2 

4. c = logj e 

3 

8 ) 

l.ce. (aj)) 

8. C6 (a,f)) 



/ V39 13 V39 \ 


U *1 

■( 3 ’ 9 j 



EXERICSE 4.8 

1. Tangent: 

+ lOx - 5 = 0 

Normal; x - 10)i + 50 = 0 

2. Tangent 

y = 2x+ 1 

Normal : x + 2y-7 =>: 0 

3. Tangent 

: y = 3x-2 

Normal: x + Sj* - 4 = 0 

4. Tangent 

: )/ = 12x-16 

Normal: x + 12>i - 98 = 0 

5. Tangent: y = 0 

Normal: x = 0 

6. Tangent 

■ x + y-'J2 = 0 

Normal : y = x 

7. Tangent 

; 8x + 3 Vs > - 36 

= 0 Normal : 9 VT x - 24> + 14 

8. Tangent 

: 2x + }i-2 = 0 

Normal : x-2y^ 6 = 0 


9. (0,0), (1,2).(-1,-2) 
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10. Zx + hmy ~ (2 + 3rrt^) = 0 

12, fy s X + aP' 

EXERCISE 4.9 

1. .208 

2. 1.96875 3.’3.9961 
4. 20.025 5. .060833 

6. 6 Lo 5 68 7. No change 
8. 4n 

EXERCISE 5.1 

1. (a) staiement, (b) not a statement, (c) statement 

2. (i) T (U) F (ill) T 

EXERCISE 5,2 

1 . 

S .epr^n. 
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where 

U = set of all equations 

A = set of all quadratic equations 

B = set of quadratic equations having 2 real roots. 

EXERaSE S3 


p 

Q 

q 

-p A 

("P V q) 

A irp A ~q) 

T 

T 

T 

F 

F 


T 

F 

F 

F 

F 


F 

T 

T 

F 

F 


F 

F 

T 

T 

T 



P 

9 

p^q 

9->P 

1 m 

1 m 

T 

T 

T 

T 

T T 

T 

T 

F 

F 

T 

F F 

T 

F 

T 

T 

F 

F F 

T 

F 

F 

T 

T 

T T 

T 


P 

9 

P 9 

~P 

-pw q 

(P -> 9) <-> (-P V 

T 

T 

T 

F 

T 

T 

T 

F 

F 

F 

F 

T 

F 

T 

T 

T 

T 

T 

F 

F 

T 

T 

T 

T 
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4, I like neither Tennis nor Foot-Ball 
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1 . 


EXERCISE 5.5 


(0 P ? P <i ~P ip q) irq -p) 


T T T T 

T F F F 

F T T T 

F F T T 


T 

T 

T 

T 


(ii) p q r pq qr {q-^r)~)(p-^q) (p-> < 7 ) 


T T T T 
T T F T 
T F T F 
T F F F 
F T T T 
F T F T 
F F T T 
F F F T 


T 

F 

T 

T 

T 

F 

T 

T 


T 

T 

F 

F 

T 

T 

T 

T 


T 

T 

T 

T 

T 

T 

T 

T 


EXERCISE 5,6 


p 

q 

r 

pvq 

ipvq)\'r 

9vr 

pviqvr) 

ipvq)vr<r&pv{qvr) 

T 

T 

T 

T 

T 

T 

T 

T 

T 

T 

F 

T 

T 

T 

T 

T 

T 

F 

T 

T 

T 

T 

T 

T 

T 

F 

F 

T 

T 

F 

T 

T 

F 

T 

T 

T 

T 

T 

T 

T 

F 

T 

F 

T 

T 

T 

T 

T 

F 

F 

T 

F 

T 

T 

T 

T 

F 

F 

F 

F 

F 

F 

F 

T 
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2. 

P 


p^q 

~P 

~q ~p A ^q [pw q) A (~p a 


T 

T 

T 

F 

F F F 


T 

F 

T 

F 

T F F 


F 

T 

T 

T 

F F F 


F 

F 

F 

T 

T T F 

3. 

P 

<7 


~p vq (p -> q)<r^{'-p A q) 


T 

T 

F 

T 

T T 


T 

F 

F 

F 

F T 


F 

T 

T 

T 

T T 


F 

F 

T 

T 

T T 







4. 

P 

<l 

py q 

p -^(pv q) 


T 

T 

T 

T 



T 

F 

T 

T 



F 

T 

T 

T 



F 

F 

F 

T 







EXERCISE 5.7 

1. 


Inputs 


Outputs 


P 


q 

r 


1 


1 

1 

1 


1 


1 

0 

1 


1 


0 

1 

1 


1 


0 

0 

1 


0 


1 

1 

1 


0 


1 

0 

1 


0 


0 

1 

1 


0 


0 

0 

0 



25fl 


MATHPiMATICS 


3.(i) 



Inputs 


Outputs 

p 

? 

P 


1 

1 

0 

1 

0 

1 

1 

0 

1 

0 

0 

0 

0 

0 

1 

0 


\p*(p' + 9)] + 


Inputs 


Ou touts 


P 


P' 

q' 




1 

1 

0 

0 


1 


1 

0 

0 

1 


1 


0 

1 

1 

0 


0 


0 

0 

1 

1 


0 



(p'«r 

+ (?' + rO + (p*q) 



Inputs 

P 

9 

r 

p' 

q' 

r' 

Outputs 

1 

1 

1 

0 

0 

0 

1 

1 

1 

0 

0 

0 

1 

1 

1 

0 

1 

0 

1 

0 

1 

1 

0 

0 

0 

1 

1 

1 

0 

1 

1 

1 

0 

0 

1 

0 

1 

0 

1 

0 

1 

1 

0 

0 

1 

1 

1 

0 

1 

0 

0 

0 

1 

1 

1 

1 





s-^q\pv ^ -r V - J j (r -^p) a (p \'q) a (~r v -jJ a 
’ I {s-^ q) j; A (p -» r) 













































